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Stability of non-coplanar extrasolar systems
by Mara Volpi
Abstract: Due to the limitations of the radial velocity method, our knowledge
of the spatial configuration of the hundreds of exoplanetary systems discovered
so far is limited. The aim of the present work is, through analytical study
based on a secular Hamiltonian expansion and numerical explorations per-
formed with a chaos detector, to provide constraints on the orbital inclinations
and the mutual inclinations of several two-planet extrasolar systems, that en-
sure the long-term stability of the system. In the first part, for systems with
low eccentricities, we rely on perturbation theory and apply a reverse KAM
approach to determine the ranges of the mutual inclination that allow the con-
vergence of the algorithm constructing the invariant tori. In the second part,
for systems with moderate to high eccentricities, we find that long-term stable
evolutions of non-coplanar configurations exist for all the selected systems, ei-
ther at low mutual inclinations, or at high mutual inclinations preferentially if
the system is in the Lidov-Kozai resonance. We also show how the relativistic
effects influence the extent of the Lidov-Kozai resonant region for planetary
systems with close-in planets.
Stabilité des systèmes extrasolaires non-coplanaires
par Mara Volpi
Résumé : Notre connaissance des configurations spatiales des centaines de
systèmes extrasolaires détectés par la méthode des vitesses radiales est limitée.
L’objectif de ce travail est de déterminer, au moyen d’une étude analytique de la
dynamique séculaire dans un formalisme hamiltonien et d’explorations numé-
riques réalisées avec un détecteur de chaos, des contraintes sur les inclinaisons
des plans orbitaux et les inclinaisons mutuelles de ces systèmes qui assurent
leur stabilité à long terme. Dans la première partie, pour des systèmes à faibles
excentricités, nous avons recours à la théorie des perturbations et appliquons
une approche de KAM inverse pour déterminer les intervalles d’inclinaisons
mutuelles qui garantissent la convergence de l’algorithme de construction des
tores invariants. Dans la seconde partie, pour des systèmes avec des excentri-
cités plus élevées, nous montrons que des évolutions stables de configurations
non-coplanaires existent, soit à faibles inclinaisons mutuelles, soit à fortes incli-
naisons de préférence lorsque le système est en résonance de Lidov-Kozai. Nous
montrons également comment les effets relativistes modifient l’étendue de la
résonance de Lidov-Kozai pour des systèmes planétaires proches de l’étoile.
Ph.D. thesis in Mathematics
Date: 30/08/2019
naXys Research Institute, Department of Mathematics
Advisor: Anne-Sophie Libert

You know what a learning experience is?
A learning experience is one of those things that says,
"You know that thing you just did? Don’t do that.”
DOUGLAS ADAMS,
“The salmon of doubt”
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Introduction
Our knowledge of the Universe has greatly improved over the last centuries. At
the beginning, humankind thought that Earth was at the centre of the Universe.
Then we discovered that our planet revolved around the Sun, and Earth lost
its importance as a central point. Afterwards, it came the consciousness that
neither the Solar System held any particular position in the Milky Way, nor our
galaxy was special among the others. One of the last strongholds remaining was
the belief that the Solar System was the only system hosting planets. That all
came to an end in 1995, when Michel Mayor and Didier Queloz announced the
discovery of a Jupiter-mass planet revolving around the Sun-like star 51 Pegasi.
Since that pivotal announcement, different techniques of detection have
been developed and applied to the search of extrasolar planets, also named
exoplanets, and thousands of new ones have been discovered. Their orbital
parameters span a wide range of values, showing planets with characteristics
that are very different from the ones of the Solar System. For example, the very
first detected exoplanet belonged to a new category of planets, the so-called
hot-Jupiters; namely, giant planets so close to the star that their orbital period
is of just few days. Another striking new feature observed concerns the orbits:
where the Solar System has planets on quasi-circular orbits, many exoplanets
have very eccentric orbits. Lastly, we currently have proofs of at least three
extrasolar systems with planets on highly mutually inclined orbits: K2-266
(15˝), Kepler-108 (24˝) and the most famous υ Andromedae (30˝). Such three-
dimensional architectures are very different from the almost coplanar case of
our Solar System.
Despite the considerable amount of data collected in the last decades, our
knowledge of the exact structure of the exosystems is scattered at best. This
is mainly due to the limitations of the detection methods. All the different
techniques suffer from technical biases and do not provide a full set of orbital
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parameters for the exoplanets detected. The few examples for which complete
information is available are due to the application of multiple techniques. In
the present work, we are going to focus on two-planet systems observed via the
radial velocity method. The major drawback of this method is that it provides
no information about the inclinations of the planets of a system, both between
them and with respect to the line of sight. This leads to not knowing the exact
value of the masses and the eventual three-dimensional structure of the system.
The aim of the present work is to provide constraints for the values of the
inclinations for systems detected via the radial velocity method. Since a chaotic
evolution of the system would survive for just a small fraction of the lifetime of
the system itself, the chances to observe such a temporary situation are very
low. It is therefore reasonable to assume the long-term stability of the detected
system. Through two different approaches, we then proceed in determining
which spatial configurations of the detected systems could be compatible with
such a long-term stability.
The thesis is divided in three parts. In the first part, we recall the prelimi-
nary concepts at the basis of our work. In Chap. 1 we review the characteristics
of the exoplanet population known up to now, as well as the detection methods.
In Chap. 2 we introduce the perturbation theory and the theoretical techniques
used to tackle our problem.
In the second part (Chap. 3), we describe a first method to study the
stability of three-dimensional systems. We apply a reverse KAM approach to
determine the values of the mutual inclination between the orbital planes that
are compatible with the stability in the KAM sense.
The third part concerns the second approach. In Chap. 4 we study the
dynamics of the systems in the parameter space of the orbital inclinations with
respect to the line of sight and of the mutual inclination between the planets.
We study the stability of the systems in the sense of the regularity of the orbits.
We explore which values of the parameters are compatible with the Lidov-
Kozai long-term protection mechanism for highly three-dimensional systems.
We add a further analysis of the regularity by means of a chaos indicator.
In Chap. 5 systems with very close-in planets are considered, therefore we also
take into account the corrections to the motions due to the effects of the general
relativity. Finally, we draw our conclusions and discuss future developments
and perspectives.
Contributions
• M. Volpi, U. Locatelli, M. Sansottera, A reverse KAM method to estimate
unknown mutual inclinations in exoplanetary systems, Celestial Mechan-
ics and Dynamical Astronomy 130:36, 2018, Chapter 3 of the thesis;
• M. Volpi, A. Roisin, A.-S. Libert, The 3D secular dynamics of radial-
velocity-detected planetary systems, Astronomy & Astrophysics, 626:A74,
2019, Chapter 4 of the thesis.
A paper based on Chapter 5 is currently in preparation.
Fundings
The PhD thesis was supported by a FRIA fellowship (F.R.S.-FNRS). Computa-
tional resources have been provided by the PTCI (Consortium des Équipements
de Calcul Intensif CECI), funded by the FNRS-FRFC, the Walloon Region,
and the University of Namur (Conventions No. 2.5020.11, GEQ U.G006.15,
1610468 et RW/GEQ2016).
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Notation
Symbol Meaning
Parameters a Semi-major axis
e Eccentricity
i Inclination
imut Mutual inclination
ω Argument of the pericenter
ω¯ Longitude of the pericenter
Ω Longitude of the node
λ Mean longitude
P Orbital period
R‹ Star radius
Rp Planet radius
m‹ Mass of the star
mp Mass of the planet
K Radial velocity semi-amplitude
L Star luminosity
F Star flux
α Astrometric signature
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6 Notation
Units of Measure AU Astronomical unit
pac Parsec
as Arcsecond
yr Year
d Day
Md Solar mass
MJ Jupiter mass
MC Earth mass
˝ Degree
Operators t¨, ¨u Poisson Bracket
x¨yφ Average over the generic angle φ
r¨sλ:KF Truncation of the expansion of ¨ up
to a trigonometric degree KF in the
generic angle λ
Abbreviations RV Radial Velocity
LK Lidov-Kozai
GR General Relativity
Part I
Preliminary
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Chapter1
Exoplanetary systems
This chapter provides an overview of the characteristics of the exoplanets de-
tected so far and describes the most relevant detection methods. It also depicts
the three-dimensional planetary systems discovered up to now.
1.1 Exoplanet population
Since the discovery of the first exoplanet around the star 51 Pegasi (Mayor
and Queloz, 1995), ground-based observations and dedicated space missions
have led to an astonishing increase of discoveries. Up to now, the catalogues
count around 4000 confirmed exoplanets. Fig. 1.1 shows the number of known
exoplanets per year, highlighting the breakdown per detection method.
In light of such an extensive exoplanet-population record, formation and
evolution models had to develop new theories in order to explain the new
observations. The Solar System was the reference instance around which the
models have been tailored, but it now appears to be a particular case, rather
than the norm. The extrasolar systems in fact present a large variety concerning
the values of the orbital parameters. As an example, Fig. 1.2 presents the
orbital eccentricity of the known exoplanets with respect to the semi-major
axis; the colour code quantifies the mass of the detected objects.
There are a few main differences with respect to the Solar System. The first
one concerns the eccentricities. The planetary orbits of the Solar System are
in fact all nearly circular: the mean eccentricity is 0.0776, with single values
ranging between 0.0068 and 0.2051. On the other hand, the eccentricities
observed for exoplanets span a much wider range, with a mean value of „ 0.17:
if most of them tend to be on the lower end of the range, there are several
9
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Figure 1.1 – Number of known exoplanets per year, coloured by detection
method. Source: NASA Exoplanet Archive (https://exoplanetarchive.
pac.caltech.edu).
Figure 1.2 – Semi-major axis vs. eccentricity of the detected exoplanets. The
colour scale indicates the mass of the planet expressed in Jupiter mass. Source:
exoplanets.org (Han et al., 2014)
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examples in which they assume exceptionally high values. The most extreme
case reported is HD 20782b, whose eccentricity is accounted to be 0.97 (O’Toole
et al., 2009).
The second major difference between the Solar System and the overall pop-
ulation of extrasolar systems lies in the mass distribution with respect to the
semi-major axis. Our system has a neat configuration of small, rocky planets
in the innermost part (but not closer than 0.3 AU), and gas/icy giants (be-
ing Jupiter the most massive) in the outer one. On the other hand, the first
exoplanet observed, 51-Peg b, is a so-called hot Jupiter : a planet with a mass
comparable to that of Jupiter and with a very short orbital period (typically
a few days). In the following years, the majority of discovered exoplanets has
proven to be close-in massive bodies. This category of planets was not expected
from the classical formation theory made for the Solar System, and demanded
a new approach to explain their existence. The significant proportion of hot
Jupiters is surely to ascribe to observational biases. As we will discuss more in
detail in the following section, detection methods tend to be more sensitive to
planets that are very close to the host stars and have significant masses.
1.2 Detection methods
In order to discover exoplanets, several observational techniques have been de-
veloped during the last decades. Each of them has different characteristics and
generally applies to targets of different nature. In this section we describe the
five most widely adopted detection methods: radial velocity, transit, astrome-
try, imaging and microlensing. As shown by Fig. 1.1, the radial velocity and
the transit methods are the most efficient and relevant methods in terms of
number of discoveries. We then focus on these two in particular, describing
briefly the other techniques.
All the data sets here mentioned are provided by The Extrasolar Planet
Encyclopedia (http://exoplanet.eu, Schneider et al., 2011) and updated as
of April 2019, unless otherwise stated.
1.2.1 Radial velocity method
The two-body problem prescribes the revolution of the bodies around their
common centre of mass. In the case of a star-planet system, the movement
of the star around the barycentre causes shifts of the light waves of its light
spectrum: we observe shifts towards the red when the star is moving away
from the observation point, and shifts towards the blue when approaching (see
Fig. 1.3). The radial velocity (RV) method (or Doppler spectroscopy) measures
these shifts in the light spectrum emitted by the star. The first RV surveys
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Figure 1.3 – Radial velocity method illustration. c©Las Cumbres Observatory
Global Telescope Network.
were mainly designed to search for binary companions of main-sequence stars
of modest mass („ 1Md). Thus, the instruments did not initially have the
sensitivity necessary to investigate the presence of exoplanets. However, as
the accuracy improved, surveys started to observe many more stars for longer
periods. This led to multiple observations of planets before the groundbreaking
discovery of Mayor and Queloz (1995), but the announcements were careful and
years had to pass before proper confirmation. For example, a planet of mass
1.7MJ was inferred around γ Cep by Campbell et al. (1988), but it was only
confirmed in Hatzes et al. (2003). In the meantime, the first extrasolar planets
were detected around the pulsar PSR 1257 12 (Wolszczan and Frail, 1992).
The announcement of a hot Jupiter around 51 Peg solar-type star (Mayor and
Queloz, 1995) opened substantial discussions. Such a short-period and giant
planet was not in fact foreseen by the planetary models at the time. Since then,
the Doppler spectroscopy has detected 817 planets divided in 612 systems, 142
of which are multiple.
The observations obtained by the RV method do not provide a complete
set of orbital data for the planets. The shifts of the star light spectrum refer
to the projection of the star motion along the line of sight. Therefore, it is
not possible by RV alone to determine the orbital plane inclination i. A subset
of the orbital parameters can be inferred: the eccentricity e, the argument of
the pericenter ω, the orbital period P , and the position along the orbit at a
particular reference time tP . A quantity associated to exoplanets determined
via this technique is the radial velocity semi-amplitude (see, e.g., Perryman
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(2018))
K “
ˆ
2pi
P
˙1{3
mp sin i
pm‹`mpq2{3
1
p1´e2q 12 (1.2.1)
where m‹ and mp are the mass of the star and of the planet, respectively.
As a reference, the radial velocity semi-amplitude for Jupiter and Earth are
KJ “ 12.5ms´1 and K‘ “ 0.09ms´1, respectively. The HARPS (High Accu-
racy Radial Velocity Planet Searcher) instrument was designed to achieve an
accuracy „ 1ms´1, and currently reaches a precision of 0.3´0.6ms´1.
The quantities K, P and e are directly determined by the observations:
whenever m‹ can be estimated and supposing mp !m‹, it is possible to com-
pute the value of mp sin i, but not of either of them separately. Therefore, the
radial velocity method can only infer the minimal value mp sin i for the mass
of the planet. In light of this, it is actually not possible to distinguish, for
example, between a low-mass planet whose orbital plane is aligned with the
line of sight and a massive planet which is highly inclined with respect to the
line of sight.
The RV-detected population
Let us now provide an overview of the characteristics of the exoplanet popula-
tion discovered via the RV method. As we will show, the discoveries reflect the
observational biases of the method, favouring massive planets on short-period
orbits.
The early discoveries showed mostly hot Jupiters. As high-precision Doppler
surveys have been carried in the last „ 10 years only, the observation of bodies
with a ě 3AU is more difficult, and there is in fact a decrease in the num-
ber of planets found above such threshold. For this reason, planets with pe-
riod P ě 1000d (a ě 2AU) are less certainly determined. Given the current
data, projections have been made about the number of planets expected within
20AU. Such a limit is given by formation theories: considering the physical
properties of protoplanetary disks at such a distance, the time required for the
formation of gas-giants would outdo the disk lifetime. Despite the uncertain-
ties, even the most cautious models would consider that a significant population
of exoplanets lies still undetected. Cumming et al. (2008) suggest that almost
20% of solar type stars might host a giant planet within 20AU.
Extremely close-in planets (Pď 6d) tend to display low eccentricities due to
tidal effects, while further planets exhibit a huge variety of values, up to 0.97.
An anti-correlation between eccentricities and multiplicity has been described
in Limbach and Turner (2015): the higher the number of planets in the system,
the lower the eccentricities. As a consequence, habitable planets might be more
easily found in systems with a larger number of planets. In this perspective,
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the lowly eccentric planets of the Solar System are, in fact, perfectly in line
with the general exoplanet population, when the multiplicity of the system is
taken into account. However, the determination of the eccentricities is not free
from biases. For example, in Cumming et al. (2008), the authors evaluated the
completeness of the KECK Planet Search and found that the highly-eccentric
population (with eě 0.6) is not well constrained. Moreover, Rodigas and Hinz
(2009) studied a possible bias related to undetected companions, highlighting
that, for 0.1ă eă 0.3, the probability to misinterpret, as a single planet in an
eccentric orbit, a pair of a planet with a circular orbit and an unseen outer
planet is estimated „ 13%.
As previously stated, the main restriction of the RV method lies in its inca-
pability to determine the orbital inclination of a planet, and therefore its mass,
since the proposed mass is only a minimal value. Although the RV method is
more sensitive to massive planets, the majority of the detected planets have
minimal masses smaller than 5 Jupiter masses. It is interesting to note that
there are specific cases for which it is possible to combine different techniques in
order to obtain additional constraints. The joined application of high-accuracy
astrometry, for example, led to the determination of the masses of the υ An-
dromedae system planets c and d. Inclination constraints can be obtained also
for systems discovered by means of the RV method but that later on have been
found transiting as well.
1.2.2 Transit method
The transit method relies on the study of the light spectrum emitted by the
host star. Whenever a planet crosses the line of sight of the observer, the
light of the star is dimmed by its shadow. These alterations in the registered
spectrum provide information about the body which is responsible for it (see
Fig. 1.4 for an illustration of this effect).
In order to detect the variation, the star, the planet and the observer must
be almost aligned. As such a particular configuration is required, the probabil-
ity of detection is in general quite small. Moreover, the decrease in the stellar
flux is considerably small. Indeed the star flux writes
F “ L4pir2 (1.2.2)
and we define the transit depth as
∆F
F
“ R
2
p
R2‹
, (1.2.3)
where L is the luminosity of the star and r is the distance from the observer.
As a reference, the transit depth for the Sun caused by Jupiter, Earth and Mars
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Figure 1.4 – Transit representation. c©NASA (https://exoplanets.nasa.
org).
would be » 1.1ˆ10´2, » 8.4ˆ10´5 and » 3ˆ10´5, respectively. Ground-based
telescopes have to deal with the interaction of the signal with the atmosphere,
hence their accuracy is usually „ 10´3. Observations from space are highly
more precise, reaching an accuracy of „ 10´4. For this reason, the launch
of ESA’s Corot1(2006) and NASA’s Kepler2 (2009) missions has remarkably
improved the detection rate.
The first detection by transit, HD 209458 b, was announced by Henry et al.
(1999, 2000), as a second-step study of the planet that had already been dis-
covered via radial velocity. The first transit observations were all following
previous radial velocity measurements, but soon enough independent observa-
tions started. Especially after the launch of the space missions, the number of
transiting planets has remarkably increased, reaching almost 3000 instances at
the moment.
Let us note that a synergy with other techniques is required to gather further
information on the transiting body, in particular to ensure its classification as
a planet. Here we mention a few of the strategies applied. The simultaneous
consideration of radial velocity data is a common process: supposing the orbital
inclination to be i » 90˝ (i.e., the orbital plane is close to the line of sight,
otherwise there would be no transit), the two sets of data combined provide
the parameters of the systems. Dynamical stability can act as a confirmation
tool as well: Fabrycky et al. (2014) studied the multiple-planet systems listed
in the results acquired by Kepler up until 2013, and confirmed around 95% of
the observations with stability arguments. Direct imaging (see Sec. 1.2.3) is
applied to discern eventual eclipsing binaries that could cause a signal similar
to that of a transiting planet. Another example of confirmation strategy, more
specific to Kepler, is the combination of its visible light signals with the infrared
1Convection, Rotation and planetary Transits, http://sci.esa.int/corot/
2https://keplerscience.arc.nasa.gov/
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ones of Spitzer3.
The schematic representation of the transit techniques given in Fig. 1.4 de-
scribes the general concept behind the observations. Additionally, there are sev-
eral variations to the registered signal that provide further information about
the planet detected.
The main phenomenon in the transit method is the primary eclipse: along
its orbit, the planet crosses our line of sight and dims the light flux of the star.
Moving away, thanks to the change of relative positions with the observer, the
planet gradually begins to reflect the star light, reaching the peak of reflection
right before passing behind the star. That is the so-called secondary eclipse.
Useful data for the characterisation of the planet can be inferred by the dif-
ference between the signals of the primary and the secondary eclipse: they
usually refer to the atmosphere of the planets, but they can also be used to
better constrain their orbital properties.
For a single planet, the transits are regular over time, depending on the
orbital period. Whenever the planet is interacting with other bodies (planets,
exomoons, trojans), this regularity no longer applies4. The differences with the
standard Keplerian behaviours are measured by the transit timing variations
(TTVs). When the deviation is caused by interactions between planets, the
TTVs have a strong dependency from the masses and the system architecture,
and they allow, for example, to determine the masses that would be otherwise
unknown.
Another particular feature can be observed when combining transit and
radial velocity measurements: the Rossiter-McLaughlin effect, firstly noted in
relation to binary systems (Rossiter (1924) and McLaughlin (1924)). It is based
on the study of the variations of the star spectrum. As the star rotates, the
half approaching the observer shows a blue shift in its spectrum, whereas the
other half has red shifts. When transiting, a planet will shield different portions
of the star, causing anomalies in the light spectrum emitted. Studying these
alterations, it is possible to measure (if present) the spin-orbit misalignment
between the star and the planet. For a review of the Rossiter-McLaughlin
effect, see for example Gaudi and Winn (2007).
The transit-detected population
Although this detection method is again favouring massive planets on short
period orbits, the transiting planet population shows a wide range in its char-
acteristics. In terms of masses, for example, they vary between very low values
3http://www.spitzer.caltech.edu/info/12-The-Mission
4Other causes for such a disruption of the regularity are general relativity, oblateness of
the host star, tidal interactions precessions and so on.
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(0.02MC for Kepler-138b) to brown-dwarf values („ 22MJ for CoRoT-3b), and
beyond. This large variety applies to periods as well. Of the 2945 transiting
planets actually detected, 2.5% have a period shorter than 1 d, 52% shorter
than 10 d and 94% shorter than 100 d.
Many transiting systems do not have eccentricity constraints. This is often
due to the fact that they are not suitable targets for observations via radial
velocity. There are other means to determine their values. Mainly for close-
in planets, in case of a registered secondary eclipse, the eccentricities can be
inferred by comparison with the primary one. For multiple-planet systems
showing TTVs, the eccentricity e and the planet mass mp can be computed,
although they are correlated. For the systems whose eccentricities have been
determined, the same anti-correlation between eccentricity values and multi-
plicity of the planets discussed in Sec.1.2.1 have been found (Zinzi and Turrini,
2017).
As expected by the nature of the transit observations, orbital inclinations
with respect to the plane of the sky are for the most part „ 90˝. There are a few
exceptions, with the most inclined case of Kepler-91b, showing an inclination
of „ 68.5˝.
When considering multiple-planet systems, a three-dimensional structure
might be investigated. In the case of transit observations, there are some con-
straints that can be fixed for the mutual inclination between the planets. They
may be obtained via different strategies: from the combination of transit and
astrometry data, for example, or transit and radial velocity if the RV method
has found a non-transiting planet. Transit signals alone can be sufficient to
determine the mutual inclination whenever particular conditions have been ob-
served in the same system, such as Rossiter-McLaughlin effect for multiple
planets, changes in TTVs or in the transit duration and depth. In Sec. 1.3 we
report a few examples of established 3D systems.
1.2.3 Other methods
As previously noted, the RV and the transit methods are the most efficient
observational techniques currently available. Nevertheless, other methods are
also used, and their contribution to complete data otherwise obtained has some-
times been decisive for crucial discoveries. In the following, we briefly describe
several other methods.
Astrometry
Astrometry is the branch of astronomy that provides precise measurements
of position and motion of celestial entities (from planetary system bodies to
galaxies and clusters). In the framework of exoplanets, astrometry observations
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Figure 1.5 – Astrometry illustration. c©ESA (https://www.esa.int)
are based on the same phenomenon as the one considered by the RV method:
the revolution of the star around the barycentre of the star-planet system (see
Eq. 1.2.1). While the RV method measures the displacement of the star along
the line of sight, astrometry data concern the projection of the movement on
the plane of the sky (see Fig. 1.5).
The observable related to astrometry for planet detection is the astrometric
signature α:
α“ mp
m‹`mp a»
mp
m‹
a“
ˆ
mp
m‹
˙ˆ
a
1AU
˙ˆ
d
1pc
˙´1
as , (1.2.4)
where mp and m‹ are the planet and star masses, a is the semi-major axis
of the planetary orbit (supposed circular), d is the distance of the star from
Earth (expressed in parsecs). The Hipparcos (High Precision Parallax Col-
lecting Satellite) mission5 had an accuracy of „ 10´3 as. As a reference, the
Sun-Jupiter system would have an astrometric signature α “ 5 ¨10´4 as when
observed from a distance d“ 10 parsec, and α“ 5 ¨10´5 as for d“ 100 parsec.
For this reason, up to now only 8 bodies discovered by astrometry are reported
in The Extrasolar Planet Encyclopedia, and only HD 176051b has a mass below
the brown-dwarf limit of 13MJ (see Muterspaugh et al. (2010)). The GAIA
mission6 launched in 2013 has an improved accuracy that goes from „ 10µas
5https://www.cosmos.esa.int/web/hipparcos
6https://www.cosmos.esa.int/web/gaia
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Figure 1.6 – Direct Imaging illustration of the four-planet system HR 8799.
c©NASA (https://exoplanets.nasa.org), credits to Jason Wang and Chris-
tian Marois.
up to „ 300µas depending on the stellar magnitude of the star taken into ac-
count. This should improve the astrometry detection record in the following
years.
Despite the few occurrences of discoveries via astrometry itself, the method
has been decisive to constrain observations obtained through other techniques.
For example, the combination of the RV data and the astrometric ones of the
Hipparcos mission led to the determination of constraints (when not precise
values) of the planetary masses of numerous systems (see, e.g., Perryman (2018)
for an overview).
Imaging
Contrary to the previous detection methods, imaging aims to acquire direct
proof of the existence of an exoplanet by capturing proper images (see Fig. 1.6).
There are different techniques applied to pursue the direct imaging of exoplan-
ets: we will limit the present discussion to a general outline of the method. Its
base concept is to consider the planet as a source of light, whether the host
star’s reflected light or the planet own emission. Direct imaging represents an
impressive technical challenge, given the proximity of the planets (from the
Earth perspective) to the evidently brighter star. At the same time, there are
many benefits that come from this method. For example, it could allow the
observation of planets much further the current limit of a Á 20 AU, or of the
interaction between forming planets and protoplanetary disks in young systems.
Up to now, current imaging instruments are only able to capture images of
giant planets that show sufficient own thermal emissions. Self-radiation-emitting
giants are usually young and warm, therefore young stars (10´ 100 Myr) are
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good candidates to host direct-imaging-detectable planets. The present instru-
mental development should ensure in the next years the detection of giants
that reflect the host star light. Despite the foreseen improvements, Earth-like
planets will still not be possible targets in the near future. Direct imaging can
also be applied to known systems in case previous data infer the presence of an
undetected body whose parameters cannot be further constrained otherwise.
Let us note that imaging has mainly led to the observations of planets
revolving around brown dwarfs. The Exoplanet Encyclopedia registers 125
exoplanets discovered by direct imaging. Due to the current limitations of the
method, a remarkable feature of the detections is that a relevant subset of
the planets has been found on an orbit with extremely large semi-major axis,
being aě 100 AU. As previously said, such extrasolar systems with this kind of
structure could not be observed with any of the other methods. This ensures
for direct imaging an important role in the future.
Gravitational microlensing
Gravitational lensing is a detection technique based on the distortion of the
spacetime and the consequent deviation of the light prescribed by general rel-
ativity. It does require certain conditions to occur between three objects: an
observer, a source of light in the background, and between the two a moving
object in the foreground (the lens). The gravitational potential of the lens de-
viates the radiation emitted by the source: this disrupts the image perceived by
the observer, in some cases even multiplying it. The relative motion between
these three main objects determines time-dependent images, whose variations
can last from hours to years, according to the type of source and lens.
There are different regimes of gravitational lensing, depending on the possi-
bility to observe the effects in a proper or statistical sense and on the character-
istics of the resulting images. The regime involved in the exoplanets’ detection
is the so-called gravitational microlensing, characterised by discrete and un-
resolved images. In this case, the primary lens is a Sun-like star: the two
distorted images of the source that are generated are separated by „ 1 mas, far
below the threshold imposed by the resolution of ground-based instruments.
When dealing with a star-planet system, both bodies work as lenses: in such
circumstances, their disruptions of the source light can reveal the geometry of
the system, as schematically shown in Fig. 1.7.
By its nature, gravitational microlensing requires the source, the lens and
the observer to be aligned in a certain way. This particular configuration can
not be predicted, therefore the observational surveys are required to monitor
a large number of objects at the same time. For a successful observation, light
sources generally have a distance of „ 8 kpac from Earth: without lenses acting,
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Figure 1.7 – Gravitational microlensing representation.
c©NASA (https://exoplanets.nasa.org), credits to Kailash Sahu.
they are typically faint, if not invisible. When microlensing applies, the lenses
most effectively detected are half-way („ 4 kpac): this implies that they would
be undetectable by other methods.
Although there had been numerous possible observations, the first con-
firmed discovery of an exoplanet by means of gravitational microlensing was
announced in 2004 (OGLE-2003-BLG-235L b7 (Bond et al., 2004)). Since then,
more than 90 systems have been found thanks to this technique. The exoplan-
ets discovered so far show a wide range of orbital parameters, for example, in
mass and distance from the host star.
The principal limit of the gravitational microlensing method is that, given
its nature, it is not possible to observe two times the same event. Therefore,
as the observations are unique, they can not be confirmed.
1.3 Three-dimensional systems
As discussed in the previous sections, determining the possible three-dimensional
architecture of a system is not a trivial task.
Despite the discovery of hundreds of planetary systems, information of their
spatial configuration has only been derived for a dozen of them.
7OGLE is the Optical Gravitational Lens Experiment (Udalski, 2003). Together with
MOA (Microlensing Observation in Astrophysics, Bond et al. (2001)), it is the most effective
ground-based exoplanets’ detector.
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Figure 1.8 – υ Andromedae system (orbital parameters as in Table 16
of McArthur et al. (2010)). Created with “Universe Sandbox” (http://
universesandbox.com).
More in-depth studies have been carried out in order to determine the
mutual inclination between planets, and, in most of the cases, the conclu-
sions delivered an upper bound for the mutual inclination of few degrees, with
imut ď 10˝.8
However, three systems have been characterised by a relevant mutual in-
clination between the planets. The most recent announcement is the system
K2-266 (Rodriguez et al., 2018). The four confirmed planets and the two planet
candidates revolve around the host star in an highly compact architecture
(amax „ 0.2546 AU). The innermost, K2-266b, shows mutual inclinations
between 12˝ and 15˝ with the other (possible) five planets of the system.
Another example of a three-dimensional (3D) system is Kepler-108 whose
two giant planets have a mutual inclination of 24˝ (Mills and Fabrycky, 2017).
The most famous and well studied 3D system is surely υ Andromedae. It
was announced by Butler et al. (1999) as the first multiple system to be dis-
covered around a main-sequence star. In McArthur et al. (2010), the authors
combined observational data obtained via RV method and astrometry to in-
fer both the orbital inclinations of the planets c and d (and, therefore, their
masses), and their mutual inclination of 29.9˝˘1˝.
Coplanar configurations are straightforwardly coherent with the classical
models of formation of planets within a dissipative disk. However, the existence
of these prominently three-dimensional systems surely proves that mechanisms
such as planet-disk interaction, planet-planet scattering and distant perturber
interferences might play a relevant role in the establishment of inclined orbits.
The incomplete data that detection methods produce do not provide, in
8In particular: GJ 876 (Baluev, 2011), Kepler-9 (Holman et al., 2010), Kepler-10 (Batalha
et al., 2011), Kepler-11 (Lissauer et al., 2011), Kepler-30 (Sanchis-Ojeda et al., 2012), Kepler-
46 (Sanchis-Ojeda et al., 2012), Kepler-56 (Huber et al., 2013), Kepler-117 (Almenara et al.,
2015), Kepler-419 (Dawson et al., 2014).
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general, enough information to deduce the real structure of the exoplanetary
systems discovered. Although several missions are planned to observe new stars
searching for more new planets, others have been designed for a more focused
study of already known systems (for example, ESA’s CHEOPS9). A clear ob-
jective is to better characterise these systems, depicting the most complete
picture possible.
Dynamical studies have already been used in the past to explore the stability
of exoplanetary systems, either in coplanar or three-dimensional configurations.
This allowed, if not to define precise values, to fix constraints for the unknown
parameters. Our aim is to move consistently in this direction. Through differ-
ent approaches, and in synergy with the observational information available,
the objective is to determine boundaries in the parameter space that would
ensure the stability of the system on the long term.
9Characterising Exoplanet Satellite, http://sci.esa.int/cheops/
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Chapter2
Perturbation theory
In this chapter we describe the general framework of normal forms and nor-
malisation schemes. Moreover, we present the expansion of the Hamiltonian
of the three-body problem and the two secular formulations (at order one and
two in the masses) adopted in this work.
2.1 Normal forms
The existence of non-integrable systems has motivated the development of tech-
niques aiming to obtain a close-enough approximation of the solution. In par-
ticular, nearly-integrable systems have been an optimal target to develop per-
turbation theory. Let us consider a set of canonical variables pp,qq P R2n. A
system is said to be nearly-integrable if the associated Hamiltonian Hpp,qq can
be written as
Hpp,qq “H0pp,qq`εH1pp,qq , (2.1.1)
where H0 is integrable and ε is a small parameter. Therefore the system can be
interpreted as a small perturbation of an integrable problem. As the system is
non-integrable, by definition it is not possible to derive an exact solution. Nev-
ertheless, the Hamiltonian can be treated so to obtain an appropriate approxi-
mation. Applying transformations to transform the Hamiltonian into a normal
form is a well-established technique. Normal forms are simplified formulations
of the Hamiltonian useful to study the dynamics of the system. Normalisation
algorithms are based on the application of canonical transformations. The goal
is to identify a change of coordinates pp,qq “ pppp1,q1q,qpp1,q1qq such that the
Hamiltonian can be re-formulated as
H 1pp1,q1q “Hpppp1,q1q,qpp1,q1qq “ Zpp1,q1q`Rpp1,q1q , (2.1.2)
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where Zpp1,q1q is an integrable normal form and Rpp1,q1q is the remainder.
Given that the aim is to obtain an integrable approximation of Hpp,qq, the va-
lidity of the normalisation scheme is given by the size of the remainder Rpp1,q1q.
This is a crucial factor normalisation algorithms have to deal with while con-
structing the change of variables that leads to formulation (2.1.2).
2.1.1 Lie series method
One way to construct normal forms is given by the Lie series method (see for
example Gröbner and Knapp, 1967; Giorgilli, 2015). Let us consider the set of
canonical coordinates pp,qq P R2n and an holomorphic function χpp,qq, that
we can see as an autonomous Hamiltonian. We define the Lie derivative with
respect to the function χ as
Lχ¨ “ t¨,χu (2.1.3)
being t¨, ¨u the Poisson bracket defined as
tf,gu “
nÿ
j“1
Bf
Bqj
Bg
Bpj ´
Bf
Bpj
Bg
Bqj . (2.1.4)
We can then define the Lie series operator as
exppεLχq¨ “
8ÿ
j“0
εj
j!L
j
χ¨ ; (2.1.5)
such an operator represents the time evolution of the canonical flow generated
by the Hamiltonian χ. Given χ, applying the corresponding Lie series operator
exppεLχq to the coordinates p and q amounts to perform a near-the-identity
canonical transformation. We can in fact consider χ expressed in the new
variables p1 and q1 and write:
p“ exppεLχqp1 “ p1´ε BχBq1
ˇˇˇˇ
pp1,q1q
` ε
2
2 Lχ
Bχ
Bq1
ˇˇˇˇ
pp1,q1q
` . . .
q “ exppεLχqq1 “ q1`ε BχBp1
ˇˇˇˇ
pp1,q1q
` ε
2
2 Lχ
Bχ
Bp1
ˇˇˇˇ
pp1,q1q
` . . . .
(2.1.6)
The transformation of the coordinates pp,qq in pp1,q1q easily translates in the
transformation of a function fpp,qq in f 1pp1,q1q thanks to one of the properties
of the Lie series, also known as the exchange theorem. It holds that
fpp,qq
ˇˇˇˇ
p“exppεLχqp1,q“exppεLχqq1
“ exppεLχqfpp,qq
ˇˇˇˇ
pp“p1,q“q1q
. (2.1.7)
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Thus, instead of performing a change of variables, it is sufficient to apply the
Lie series operator to the function itself in order to obtain the expansion in ε
in the new set of coordinates.
Previously, we discussed the role of normalisation algorithms in the frame-
work of nearly-integrable systems. The change of variables needed to rewrite
the nearly-integrable Hamiltonian in normal form can be achieved by compo-
sition of near-the-identity canonical transformations constructed by means of
the Lie series method. Let us consider the nearly-integrable function
hpp,q,εq “ h0pp,qq`εh1pp,qq`ε2h2pp,qq` . . . (2.1.8)
and its transformed expression h¯pp,q,εq “ exppεLχqh. From the linearity prop-
erties of the Lie series operator, it holds that
exppεLχqh“ exppεLχqh0`εexppεLχqh1`ε2 exppεLχqh2` . . . . (2.1.9)
A visual representation of the transformation is given by the Lie triangle:
h0
Ó
LXh0 h1
Ó Ó
1
2L2Xh0 LXh1 h2
Ó Ó Ó
1
3!L3Xh0 12L2Xh1 LXh2 h3
...
...
...
... . . .
(2.1.10)
On each row are displayed terms that are of the same order in ε, so that to
obtain the term of order εj of the transformed function it is sufficient to sum
up all the terms of the j-th row. Therefore, the expansion in ε of the function
h¯ writes
h¯pp,q,εq “ h¯0pp,qq`εh¯1pp,qq`ε2h¯2pp,qq` . . . , (2.1.11)
being h¯0 “ h0 and, for j ě 1,
h¯j “
jÿ
k“0
1
k!L
k
χhj´k . (2.1.12)
We explicitly describe in the following chapters how we applied the Lie series
method. In Sect. 2.2.3 we describe how it is applied to obtain the secular
formulation of the Hamiltonian at order two in the masses, while in Sect. 3.2.1
and in Sect. 3.2.2 the Lie series method is used to achieve the Birkhoff’s and
Kolmogorov’s normal forms, respectively.
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2.1.2 Particular normal forms
Since in the following we will heavily rely on normalisation schemes, we report
here the theorems validating the normalisation schemes for the Kolmogorov’s
and Birkhoff’s normal forms.
Birkhoff’s normal form
Let us consider a smooth Hamiltonian H on the phase space R2n having in the
origin p0,0q an elliptic equilibrium point. Therefore by definition there exists
a set of canonical coordinates pp,qq such that the Hamiltonian H writes
Hpp,qq “H0pp,qq`Kpp,qq , (2.1.13)
with
H0pp,qq “
nÿ
j“1
ωj
p2j ` q2j
2 (2.1.14)
and K a real smooth function having a zero of order 3 in the origin.
The Birkhoff theorem states the following (see for example Moser (1968)).
Theorem 1 For any positive r ě 0, there exist a neighbourhood Ur of the
origin and a canonical transformation τr : pp,qq P UrÑ pp1,q1q PR2n such that
the system (2.1.13) is transformed in Birkhoff normal form up to order r:
Hprq “H ˝ τr “H0`Zprq`Rprq , (2.1.15)
where Zprq is a polynomial of degree r`2 such that tH0,Zprqu “ 0 and Rprq is
small, i.e.,
|Rprq| ď kr|pp,qq|r`3, @pp,qq P Ur . (2.1.16)
Furthermore, the transformation τr is close to the identity:
|pp,qq´ τrpp,qq| ď kr|pp,qq|2, @pp,qq P Ur , (2.1.17)
and the same holds for τ´1r .
Moreover, if ω is non resonant up to order r then Zprq depends only on the
new actions
I 1j “
pp1jq2`pq1jq2
2 . (2.1.18)
The Birkhoff’s normal form constitutes one of the most direct and common
examples of normalisation of an Hamiltonian, as its aim is to obtain a formu-
lation depending only on the actions up to a certain order r. In Sect. 3.2.1
we implement the Birkhoff’s normal form to eliminate the degeneracy of the
secular Hamiltonian at order two in the masses as one of the preparatory steps
to finally construct a Kolmogorov’s normal form.
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Kolmogorov’s normal form
The main objective of the KAM theory is the study of the persistence of quasi-
periodic motions of integrable Hamiltonian systems under small perturbations.
The development of such a theory was due to the necessity to solve stability
problems found in celestial mechanics.
The first instance of the theorem was proposed by Andrey Kolmogorov in
1954 (see Kolmogorov (1954) for the original work and Chierchia (2008) for a
review). Its formulation is recalled here.
Theorem 2 Let H be a real-analytic Hamiltonian
pp,q,εq PM2nˆp´ε0,ε0q :“BˆTnˆp´ε0,ε0q ÑHpp,q;εq, (2.1.19)
being B a n-ball around the origin in Rn, Tn the n-dimensional torus, ε0 a
real positive and ε a real small parameter. The phase spaceM2n is considered
with the standard symplectic form dp^ dq “ řnj“1 dpj ^ dqj so that for each
ε, the Hamiltonian flow φtH :M2nÑM2n is the solution at the time t of the
following Cauchy problem:#
9p“´∇qHpp,q;εq
9q “∇pHpp,q;εq
, with
#
pp0q “ p0
qp0q “ q0
. (2.1.20)
Let H0pp,qq :“Hpp,q;0q be of the form
H0pp,qq “ E`ω ¨p`Qpp,qq (2.1.21)
such that Q “ Op|p|2q, E P R and ω P Rn satisfies a Diophantine condition,
namely there exist constants γ and τ for which
|ω ¨n| ě γ|n|τ , @n P Z
nzt0u . (2.1.22)
Let assume H0 to be non-degenerate in the sense that
detxB2pQp0, ¨qy ‰ 0 , (2.1.23)
being x¨y the average over Tn. Then, there exist 0ă ε¯ď ε0, a ball B¯ ĂB centred
in the origin of Rn and a real-analytic symplectic transformation
φ¯ : B¯ˆTnÑM2n
depending analytically also on ε P p´ε0,ε0q, such that φ¯|ε“0 is the identity map
and, for any |ε| ă ε¯,
H ˝ φ¯pp1,q1q “ K¯pp,q;εq “ E¯pεq`ω ¨p1` Q¯pp,q;εq
with Q¯“Op|p1|2q.
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Following this first formulation, many developments and extensions have
been proposed, notably by Moser (1962) and Arnol’d (1963), who provided a
precise demonstration of the Kolmogorov’s theorem. For this reason, the theory
is known by the acronym KAM.
The KAM theorem finds its natural application in the pn` 1q-body plan-
etary problem: disregarding the gravitational attraction between the planets,
the Hamiltonian describing the system is the sum of n Keplerian problems that
are integrable. The interaction between the planets then plays the role of a per-
turbation of an integrable problem. The “smallness” of such a perturbation is
guaranteed by the ratio of the planetary and stellar masses.
Benettin et al. (1984) proved the KAM theorem following the original
scheme by Kolmogorov, but using the Lie method to define the canonical
transformations. This provides two benefits. The first one is that it avoids
any inversion and therefore any use of the implicit-function theorem, as it is
required in the original scheme. Secondly, as it involves only simple algebraic
operations, it is easily implemented on a computer.
2.2 The three-body problem
The focus of the present work will be on exoplanetary systems consisting in a
host star and two planets. In the following, the central star will be indicated
by the index 0, while the two planets will be marked by the indexes 1 (inner)
and 2 (outer). Therefore, we study a three-body problem. When considering a
two-body gravitational system, we face an integrable problem whose solution
has been known since the works of Kepler in the seventeenth century. Unfortu-
nately, the integrability of the two-body problem does not extend to systems of
three bodies. The nature of the three-body planetary case is particular: as the
masses of the planets are much smaller than the one of the star (m1,m2 !m0),
their mutual gravitational attraction is small compared to the ones acting be-
tween the star and each planet. Thus it is a nearly-integrable problem, and
therefore particularly suitable to undergo a normalisation algorithm.
2.2.1 Hamiltonian formulation and symmetries
The three-body problem possesses two intrinsic symmetries. Exploiting their
properties, it is possible to reduce the initial 9 degrees of freedom (d.o.f.) of
the system, therefore simplifying its dynamical analysis.
First of all, it is invariant for translations in the R3 space: this corresponds
to the invariance of the centre of mass. Once this feature is taken into account,
we obtain a 6-d.o.f problem. Such a reduction can be operated by adopting
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heliocentric canonical variables. The Hamiltonian in heliocentric canonical co-
ordinates pr, r˜q (see, for example, Laskar (1989b)) writes
Hpr, r˜q “ T p0qpr˜q`U p0qprq`T p1qpr˜q`U p1qprq , (2.2.1)
where
T p0qpr˜q “ 12
2ÿ
j“1
}r˜j}2
ˆ
1
m0
` 1
mj
˙
,
U p0qprq “ ´G
2ÿ
j“1
m0mj
}rj} ,
T p1qpr˜q “ r˜1 ¨ r˜2
m0
,
U p1qprq “ ´G
ˆ
m1m2
}r1´r2}
˙
.
(2.2.2)
The terms T p0q and U p0q, T p1q and U p1q represent the kinetic and potential
energies of the integrable part (two uncoupled Keplerian problems) and the
ones of the perturbing function, respectively. We will adopt the set of canonical
variables defined by Poincaré:
Λj “ m0mj
m0`mj
b
Gpm0`mjqaj ,
λj “ Mj` ω¯j ,
ξj “
a
2Λj
c
1´
b
1´e2j cos ω¯j ,
ηj “´
a
2Λj
c
1´
b
1´e2j sin ω¯j ,
pj “
a
2Λj
cb
1´e2j p1´ cos ijqcosΩj ,
qj “´
a
2Λj
cb
1´e2j p1´ cos ijqsinΩj ,
(2.2.3)
where aj , ej , ij , Mj , ω¯j , Ωj are the semi-major axis, the eccentricity, the
inclination, the mean anomaly, the longitude of the pericenter and the longitude
of the node of the j-th planet, respectively.
The second symmetry is with respect to rotations. This is linked to the
conservation of both the norm and the direction of the total angular momentum
C of the system. When including this feature in the formulation of the problem
(Poincaré (1893), Laskar (1989b)), the d.o.f. decrease to 4. The reduction to
4 d.o.f. can be performed by adopting the Laplace plane as reference plane.
The Laplace plane is defined as the plane perpendicular to the total angular
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momentum of the system. As we are considering only conservative forces,
the total angular momentum is an invariant of the system. Consequently,
the Laplace plane is invariant as well. The choice of this particular plane as
reference implies that the following holds:
Ω1´Ω2 “ pi (2.2.4)
Λ1
b
1´e21 cos i1`Λ2
b
1´e22 cos i2 “ C , (2.2.5)
Λ1
b
1´e21 sin i1´Λ2
b
1´e22 sin i2 “ 0 . (2.2.6)
We then find relations between the eccentricities and the inclinations. There-
fore, the system can be described using the adapted heliocentric Poincaré vari-
ables:
Λj “ m0mj
m0`mj
b
Gpm0`mjqaj ,
λj “ Mj`ωj ,
ξj “
a
2Λj
c
1´
b
1´e2j cosωj ,
ηj “´
a
2Λj
c
1´
b
1´e2j sinωj ,
(2.2.7)
being ωj the argument of the pericenter of the j-th planet.
2.2.2 Hamiltonian expansion
In this work we expand the Hamiltonian both in the Poincaré variables (2.2.7)
and, following Robutel (1995), in the parameter D2 defined as
D2 “ pΛ1`Λ2q
2´C2
Λ1Λ2
, (2.2.8)
where C is the norm of the total angular momentum. The parameter D2 can
be seen as a normalised angular momentum deficit (hereafter AMD), similar
to the one introduced in Laskar (1997)1. By definition, D2 is quadratic in
eccentricities or inclinations. This parameter is therefore a measure of the
difference between the actual total angular momentum and the one of a similar
system having circular and co-planar orbits (for which D2 “ 0).
Let us note that, combining (2.2.5), (2.2.6) and (2.2.8), we obtain the re-
lation between the mutual inclination of the two orbital planes referred to the
1Precisely, being C the total angular momentum, i.e., C “ ř2k“1Λkb1´e2k cos ik, the
angular momentum deficit is defined as AMD “ř2k“1Λk´1´b1´e2k cos ik¯.
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Laplace plane and the parameter D2:
i1` i2 “ acos
¨˝
Λ21e21`Λ22e22`p2´D2qΛ1Λ2
2Λ1Λ2
b
1´e21
b
1´e22
‚˛. (2.2.9)
Such an Hamiltonian expansion in Poincaré variables and D2 parameter has
already been implemented in Locatelli and Giorgilli (2000): the main difference
with respect to that approach is that in that work the parameter D2 was
replaced by its particular value (computed for the Sun-Jupiter-Saturn system).
On the contrary, in our case D2 is kept as as a free parameter in the expansions.
Before performing the expansion, we introduce the translation Lj “Λj´Λ˚j ,
where Λ˚j is the value of Λj for the observed semi-major axis aj . The Hamilto-
nian expansion in power series of the variables L, ξ, η and the parameter D2,
and in Fourier series of λ writes
HpTF q “
8ÿ
j1“1
h
pKepq
j1,0 pLq`µ
8ÿ
s“0
8ÿ
j1“0
8ÿ
j2“0
Ds2h
pTF q
s;j1,j2pL,λ,ξ,ηq , (2.2.10)
where µ“maxtm1{m0,m2{m0u and
• hpKepqj1,0 is a homogeneous polynomial function of degree j1 in L; in partic-
ular, hpKepq1,0 “n˚ ¨L, where the components of the angular velocity vector
n˚ are defined by the third Kepler law;
• hpTF qs;j1,j2 is a homogeneous polynomial function of degree j1 in L, degree
j2 in ξ and η, and with coefficients that are trigonometric polynomials
in λ, related to the term Ds2.
The superscript TF stresses the fact that HpTF q is the Hamiltonian obtained
after having applied a translation of the fast actions.
2.2.3 Secular Hamiltonian
In this work we will select systems whose planets are far from mean-motion
resonances. As we are interested in ensuring the long-term stability of the
systems, we will study their secular evolution, discarding short-period effects.
We mentioned in the Introduction that the work here presented tackles the same
problem through two different approaches. The first difference between them is
the formulation of the secular Hamiltonian. Two different secular formulations
will be adopted, depending on the goal pursued.
The two different secular approximations of the Hamiltonian at order one
and two in the masses are described hereafter.
34 Chapter 2. Perturbation theory
The secular Hamiltonian at order one in the masses
The secular Hamiltonian at order one in the masses is obtained by averaging
the Hamiltonian described by Eq. (2.2.10) with respect to the fast angles λ.
This approximation implies that the value of Λ, and consequently the ones of
the semi-major axis are constant. Such an averaging is obtained by solving the
integral
HpTF q “ 14pi2
ĳ
r0,2pis2
HpTF qdλ1dλ2 . (2.2.11)
Computing HpTF q is equivalent to discard any term of HpTF q that depends
on any combination of the fast angles λi. For this reason, the approximation
at order one in the masses is also known as the averaging by scissors. The
resulting Hamiltonian, setting Hpsec1q “HpTF q, writes
Hpsec1qpD2,ξ,ηq “
ORDECC{2ÿ
j“0
Cj,m,nDj2
ORDECC´jÿ
m`n“0
ξmηn , (2.2.12)
where ORDECC indicates the maximal order in eccentricities considered, here
fixed to 12. In non-resonant cases, the secular Hamiltonian at the first order in
the masses describes efficiently the dynamics of the problem (see for example
Libert and Sansottera (2013)), and will be used in Chap 4.
The secular Hamiltonian at order two in the masses
The Kolmogorov normalisation scheme described in Sect. 2.1.2 can be used to
produce the secular approximation at order two in the masses (see, e.g., Lo-
catelli and Giorgilli (2000); Libert and Sansottera (2013)). This means that
in our model the torus corresponding to L “ 0 in the new coordinates will be
invariant up to order two in the masses. For this aim, we proceed by averaging
over the fast angles the terms of the Hamiltonian (2.2.10) that do not depend
or are linear in the actions L. This elimination is obtained via a composition
of two Kolmogorov-like steps.
First, the transformed Hamiltonian writes, in the Lie series formalism,
expL
χ
pO2q
1
HpTF q “
8ÿ
j“0
1
j!L
j
χ
pO2q
1
HpTF q , (2.2.13)
where the generating function χpO2q1 is determined as the solution of the fol-
lowing homological equation
2ÿ
i“1
n˚i ¨
BχpO2q1
Bλi `µ
ÿ
s“0 , j2“0
2s`j2ďNS
Q
Ds2h
pTF q
s;0,j2
U
λ:KF
“ µ
ÿ
s“0 , j2“0
2s`j2ďNS
Ds2
A
h
pTF q
s;0,j2
E
λ
,
(2.2.14)
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being x¨yφ the average over the generic angles φ. In the previous formula,
we have denoted with rgsλ:KF the truncation of the expansion of the generic
function g up to a trigonometric degree KF . The parameter KF is fixed so as
to include the main quasi-resonance of the system on hand: for instance, let us
suppose the system is near to a k1˚ : k2˚ resonance, then we set KF ě |k1˚ |`|k2˚ | .
Moreover, in (2.2.14) the integer parameter NS rules the considered order of
magnitude in eccentricity and inclination: the choice of the particular value
of NS is again related to the main quasi-resonance of the system. In fact,
from the d’Alembert rule we know that the terms containing the harmonics
pk1˚λ1´k2˚λ2q have an order in eccentricity and inclination greater or equal to
|k1˚ ´k2˚ | and with the same parity. Therefore, in order to include the effects of
the k1˚ : k2˚ resonance in the generating function χ
pO2q
1 , we have to truncate the
expansion up to NS ě |k1˚ ´k2˚ |. This constraint takes into account that both
ξ and η are linear in the eccentricities and D2 is quadratic in eccentricities or
inclinations.
The second Kolmogorov-like step is performed in an analogous way so as
to introduce the secular Hamiltonian at order two in the masses HpO2q “
expL
χ
pO2q
2
˝ expL
χ
pO2q
1
HpTF q , where the new generating function χpO2q2 is the
solution of the homological equation
2ÿ
i“1
n˚i ¨
BχpO2q2
Bλi `µ
ÿ
s“0 , j2“0
2s`j2ďNS
Q
Ds2h
pTF q
s;1,j2
U
λ:KF
`L
χ
pO2q
1
h
pKepq
2,0
“ µ
ÿ
s“0 , j2“0
2s`j2ďNS
Ds2
A
h
pTF q
s;1,j2
E
λ
.
(2.2.15)
As already mentioned, we will focus on the secular part of the Hamiltonian
xHpO2qyλ: for such an Hamiltonian, the actions L are first integrals. We
consider the basic approximation of the fast dynamics corresponding to quasi-
periodic motions with an angular velocity vector equal to n˚, by setting L“ 0.
Let us define
rH “HpTF q` 12
"
χ
pO2q
1 ,LχpO2q1 h
pKepq
2,0
*
L,λ
`
$’&’%χpO2q1 ,µ
ÿ
s“0 , j2“0
2s`j2ďNS
Ds2 h˜
pTF q
s;1,j2
,/./-
L,λ
` 12
$’&’%χpO2q1 ,µ
ÿ
s“0 , j2“0
2s`j2ďNS
Ds2 h˜
pTF q
s;0,j2
,/./-
ξ,η
,
(2.2.16)
where t¨, ¨uL,λ and t¨, ¨uξ,η are the terms of the Poisson bracket involving only
the derivatives with respect to the variables pL,λq and pξ,ηq, respectively.
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Then, according to Locatelli and Giorgilli (2000), we have that
xHpO2qyλ
ˇˇˇ
L“0
“ x rH yλ ˇˇˇL“0`Opµ3q .
We can finally introduce our secular model up to order two in the masses, by
setting
Hpsec2qpD2,ξ,ηq “
Q
x rH yλ ˇˇˇL“0 UpD2,ξ,ηq :2NS , (2.2.17)
where
Px rH yλ ˇˇL“0 TpD2,ξ,ηq :2NS indicates the averaged expansion (over the fast
angles λ) of the part of rH that is both independent from the actions L and
truncated up to a total order of magnitude NS in eccentricity and inclination.
This means that a monomial Ds2 ξm1ηm2 is included in the truncation if and
only if 2s`|m1|` |m2| ď 2NS . By comparing (2.2.16) and (2.2.17), one can
notice that our secular Hamiltonian model represented by Hpsec2q does not
depend on the second generating function χpO2q2 whose explicit calculation is
therefore unnecessary.
The explicit form of (2.2.17) writes
Hpsec2q “ hpsecq1,1 `
NSÿ
s“2
sÿ
l“1
Ds´l2 h
psecq
s,l , (2.2.18)
where hs,l is a homogeneous polynomial function of degree 2l in ξ and η , for
all 1 ď l ď s ď NS . The even parity of the exponents is determined by the
D’Alembert rules: having removed all the harmonics, the order in eccentricity
that the terms must held is of the same parity of zero. The expansion of the final
Hamiltonian Hpsec2q presents terms in D2, ξ and η up to a degree that is twice
the one of the truncated expansions of χpO2q1 as it is determined by (2.2.14):
this is set to ensure that all the terms generated by the Poisson brackets in
(2.2.16) are going to be taken into account. The secular Hamiltonian at order
two in the masses is at the basis of the analytical approach developed in the
next chapter to asses the stability of planetary systems by a reverse KAM
method.
2.2.4 Stability of planetary systems
The first studies on the stability of planetary systems concerned obviously
the Solar System. While they have been carried on since antiquity, the first
main results are due to Lagrange and Laplace, who proved how the long-term
variations of the planetary semi-major axis due to the mutual gravitational
interactions vanish when considering only the first order in the masses. In later
works, they showed that the eccentricities and inclinations of the planets of the
Solar System experience only small variations of their values (see for example
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Laskar (2012)). After that, Poincaré proved that the three-body problem is
not integrable, thus stopping the search for exact solutions. Moving forward,
the development of computers and algebraic manipulators allowed more precise
and long-term numerical integrations, which revealed that the Solar System is
chaotic, in the sense that a small modification in the initial conditions may
lead to a drastic change in the evolution of the system. In Laskar (1989a) the
Lyapunov time of the Solar System was estimated to be 5 million years. This
result has been then confirmed by Sussman and Wisdom (1992).
Other definitions of the stability of a planetary system are present in the
literature, especially for studies concerning extrasolar systems. The Hill sta-
bility for example prescribes that the orbits of the planets do not cross each
other. This implies that the bodies of the system do not undergo close en-
counters or disruption. Some authors define the stability in the astronomical
sense, considering the system stable whenever no merging or ejection of planets
occur for the period of interest (possibly long, but finite), or when the evolu-
tion is robust against sufficiently small perturbations (see for example Lissauer
(1999)). Recently, Laskar and Petit (2017) proposed a simplified criterion on
the stability of quasi-planar systems, denoted AMD-stability and based on the
computation of the angular momentum deficit. It appears clear that different
definitions of the stability of a planetary systems can be used, depending on
the context and the question to be solved.
In the present work we follow two different approaches to assess the stability
of extrasolar systems. In Chap. 3 we study the stability in the KAM sense
and define the system stable if it is possible to construct the Kolmogorov’s
normal form described in Sect. 2.1.2. This requires the convergence of the
constructing algorithm and generally imposes strict requirements on the initial
conditions. In Chap. 4 and in Chap. 5, we study the stability of planetary
systems, by referring to the secular equilibria of the three-body problem, in
particular the ones associated to the Lidov-Kozai resonance. Moreover, in
Chap. 4 we complete our analysis on the whole parameter space by means of
a chaos indicator, differentiating between stable periodic orbits, quasi-periodic
(or close to stable periodic) orbits and chaotic orbits.
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Part II
3D systems with low
eccentricities
39

Chapter3
A reverse KAM method
As previously discussed in Chap. 1, the orbital characteristics of the extrasolar
systems detected so far are quite different from those of the Solar System. In
this first approach, we intend to analyse the long-term evolution of detected
exoplanets in a spirit similar to the classical studies of stability of the Solar
System.
This chapter describes the methodology and the results presented in Volpi
et al. (2018). This work has been developed in collaboration with Prof. Ugo
Locatelli (Università degli studi di Roma “Tor Vergata”) and Dr. Marco San-
sottera (Università degli studi di Milano).
3.1 Motivation
Multiplanetary extrasolar systems raise new interesting challenges concerning
the mathematical treatment of the orbital dynamics. For instance, in the So-
lar System the eccentricities of the celestial bodies play the role of small pa-
rameters in the power series expansions considered in classical perturbation
theory. On the other hand, the eccentricities of the detected planets in ex-
trasolar systems are often so large (see, e.g., Butler et al. (2006)) that they
prevent the convergence of the Laplacian expansion of the disturbing function
(see, e.g., Ferraz-Mello (1994)). Nevertheless, accurate analytical results based
on classical expansions have been obtained even for systems having moderate
to high eccentricities via high-order expansions (see, e.g., Libert and Henrard
(2005) and Libert and Sansottera (2013)).
In Sect. 1.2.1 we mentioned the strengths and the observational biases of
the RV method. Given its sensitivity to massive bodies, RV based observations
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are expected to capture information about the skeleton of an extrasolar system,
i.e., its major planets. As a main drawback, the RV method cannot detect the
inclinations of the orbital planes with respect to the plane of the sky; moreover,
its measure of the mass of each planet is affected by the uncertainty factor sin i,
being i the inclination of the orbital plane with respect to the tangent plane to
the celestial sphere (see, e.g., Beaugé et al. (2012)). However, assuming that
the detected systems are long-term stable (otherwise their observation would be
an extremely rare event), ranges of the most probable values of the inclinations
can be deduced by prescribing the long-time stability of the system. This is
done for instance in Laskar and Correia (2009), where the properties of the
numerically computed orbital motions are investigated by using the frequency
analysis method (see Laskar (2003) and references therein for an introduction
to this kind of numerical explorations).
We propose a novel procedure: a reverse KAM approach by using nor-
mal forms depending on a free parameter related to the unknown mutual in-
clinations between their orbital planes. Our approach is based on a careful
adaptation of the algorithm constructing the Kolmogorov’s normal form (see
Sect. 2.1.2) for the secular part of the Sun–Jupiter–Saturn (SJS) system, as
done for example in Locatelli and Giorgilli (2000). The differences between the
two contexts are remarkable. In Locatelli and Giorgilli (2000) the parameters
and the orbital elements of the SJS system were very well known; all these data
were used to prove the existence of KAM tori confining the motion and, there-
fore, the stability of the secular model. Here, we deal with systems for which
some of the orbital elements are unknown: we aim to infer information about
their values by prescribing the stability and therefore requiring that the algo-
rithm constructing KAM tori is convergent. Actually, from a practical point
of view, its implementation is rather delicate. For instance, we use the interval
arithmetic to represent the coefficients of the secular expansions; this allows
us to consider sets of values of the free parameter in a comprehensive way
instead of studying many different numerical integrations, each corresponding
to a single value of that same parameter ranging in a suitably chosen discrete
grid. Thus, our implementation is an interesting example of alternative use of
validated numerics outside the context of a rigorous proof where it is often used
(see, e.g., Celletti et al. (2000)). We emphasise that this is done by handling
the difficulty due to the fact that the free parameter, related to the unknown
mutual inclination, directly contributes to the so-called Laplace-Lagrange ap-
proximation (see, e.g., Libert and Sansottera (2013)). Therefore, it affects the
secular frequencies possibly introducing dangerous resonance relations.
We think that our approach can interestingly complement some recent re-
sults: in particular, the concept of “AMD-stability” introduced in Laskar and
Petit (2017) to analyse the dynamics of the multiplanetary extrasolar systems
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(see also Petit et al. (2017) for an extension to the resonant case). Roughly, that
criterion requires that the AMD (see definition in Sect. 2.2.2) is smaller than
a critical threshold, in order to ensure that the planetary orbits cannot collide;
therefore, the system is considered to be AMD-stable. In Laskar and Petit
(2017) five planetary systems are recognised to belong to the so-called subcat-
egory of “hierarchical AMD-stable systems that are AMD-unstable but become
AMD-stable when they are split into two parts”. Among them, the Solar System
is a typical example when considering the two subsystems formed by the giant
planets on one side and the inner ones on the other. We emphasise that AMD-
stability of the giant planets is not sufficient to prove the global stability of the
system as it does not provide a detailed enough information about the regular-
ity of their motions. Indeed, it is well known that the chaoticity of the secular
motions of the inner planets is induced by the gravitational perturbations due
to Jupiter (see Laskar (1990)). Because of this chaoticity, it has been possible
to select some scenarios (depicted by suitably chosen numerical integrations)
leading to the ejection of Mercury or to destructive collisions between the ter-
restrial planets in a few billions of years (see Laskar (1989a) in the context
of the secular dynamics and Laskar and Gastineau (2009), respectively). It is
very natural to expect that these destabilising effects would act dramatically
faster, if also the secular dynamics of the outer system was chaotic, instead
of being extremely regular as it has shown to be (see, e.g., Laskar (1996)).
A deeper knowledge of the dynamics of the outer planets is therefore crucial
in order to prove the effective (or long-time) stability of the complete system.
When a specific extrasolar system cannot be classified as AMD-stable but only
hierarchical AMD-stable, the problem of ensuring its stability properties can be
attacked by following a strategy that is based on our reverse KAM approach,
as outlined below.
In the case of hierarchical AMD-stable systems, when successful, our ap-
proach can ensure that there are values of the inclinations for which the subsys-
tem formed by the major planets is stable in a much stronger sense with respect
to the AMD-criterion: the eventual diffusion would be so weak that the orbit
could not significantly go away from a KAM torus before an extremely1 long
interval of time (see Giorgilli et al. (2017)). In such a situation, the motion of
the biggest planets is indistinguishable from a quasi-periodic one. Such a pre-
liminary result would be essential in order to prove (at least) the metastability
of the less massive planets over times that are comparable with the expected
lifetime of the system. This highlights the usefulness of our reverse KAM ap-
1 Actually, when the mild hypotheses assumed in Morbidelli and Giorgilli (1995) are
satisfied, the diffusion time is estimated to be super-exponentially big. This means that its
order of magnitude is given by the exponential of the exponential of the inverse of a fractional
power of the distance from a reference KAM torus.
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proach.
We apply here the KAM-stability approach to three multiplanetary extra-
solar systems, i.e. HD 1413199, HD 143761 and HD 40307 systems, that have
low eccentricities and are far from mean-motion resonances. It should be noted
that the two systems HD 141399 and HD 40307 have more than two planets.
These systems were previously studied by Laskar and Petit (2017) and classi-
fied as hierarchical AMD-stable and AMD-unstable respectively. In order to
achieve this classification, the authors defined an AMD-stability coefficient for
every adjacent pair of planets, and from the different coefficients, derived the
AMD-stability of the whole system. In the same spirit, we only focus here on
a pair of adjacent planets and compare the results between the works. For the
hierarchical AMD-stable HD 141399, we choose the two more massive planets c
and d. For the AMD-unstable HD 40307, whose pairs of planets are all AMD-
unstable, we select the two planets that have the smallest eccentricities (c and
d). We stress that, for these two systems, no deduction on the stability of the
whole system can be deduced from the present work.
This represents the first step in the direction of a complete proof of the
so-called effective stability of such exoplanetary systems, when they are stud-
ied in the framework of models including all their already discovered planets
(see Sansottera et al. (2013) for a recent application of these concepts to the
secular dynamics of the Sun–Jupiter–Saturn–Uranus system). Of course, the
whole implementation of our strategy is not priceless: the required amount
of computations (mainly by the algebraic manipulations of the expansions) is
extremely demanding.
3.2 Construction of invariant tori for the secu-
lar model
As already mentioned, our approach is based on a careful adaptation of that
described in Locatelli and Giorgilli (2000). The expansion of the Hamiltonian in
heliocentric Poincaré coordinates and in the parameter D2 has been described
in Sect. 2.2.2, while in Sect. 2.2.3 we have thoroughly detailed the construction
of the secular Hamiltonian at order two in the masses. For completeness, we
recall the final expression obtained:
Hpsec2q “ hpsecq1,1 `
NSÿ
s“2
sÿ
l“1
Ds´l2 h
psecq
s,l , (3.2.1)
where hpsecqs,l is a homogeneous polynomial function of degree 2l in ξ and η , for
all 1ď l ď sďNS .
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3.2.1 Preliminary set up for the Kolmogorov algorithm
We will perform a series of preliminary transformations in order to obtain the
most convenient formulation of our Hamiltonian for the construction of the in-
variant tori. Firstly, we will diagonalise the quadratic part of the Hamiltonian;
secondly, we will transform the variables into an action-angle set; we will then
proceed with a partial Birkhoff’s normalisation, so as to remove the degener-
ation of the unperturbed Hamiltonian; finally, we will shift the origin of the
actions so that they are centred around a value consistent with the observa-
tions. We will indicate with Roman numbers the intermediate Hamiltonians
and generating functions necessary to determine the Hamiltonian Hp0q, that is
suitable to start the Kolmogorov normalisation procedure.
It is well known that under mild assumptions on the quadratic part of the
Hamiltonian which are satisfied in our case (see Sect. 3 of Biasco et al. (2006)
where such hypotheses are shown to be generically fulfilled for a planar model
of the Solar System), one can find a canonical transformation pξ,ηq “Dpx,yq
with the following properties: (i) the map pξ,ηq “ `ξpxq,ηpyq˘ is linear, (ii) D
diagonalises the quadratic part of the Hamiltonian, so that we can write hpsecq1,1
in the new coordinates as
ř2
j“1 νjpx2j ` y2j q{2 , where both the entries of the
vector ν have the same sign.
Action–angle variables are introduced via the canonical transformation
xj “
a
2Ij cosφj , yj “
a
2Ij sinφj , j “ 1,2 . (3.2.2)
With these two last changes of coordinates the Hamiltonian (3.2.1) takes the
form
HpIqpI,φq “ ν ¨I `
8ÿ
s“2
sÿ
l“1
Ds´l2 h
pIq
s;lpI,φq , (3.2.3)
where hpIqs;l is an homogeneous polynomial function of degree 2l in the square
roots of actions I and a trigonometric polynomial of degree 2s in the angles φ ,
i.e., it writes
h
pIq
s,lpI,φq“
ÿ
i1`i2“2l
i1ÿ
j1“0
i2ÿ
j2“0
c
pIq
s;i1;i2;j1;j2
b
Ii11 I
i2
2 cos
“pi1´2j1qφ1`pi2´2j2qφ2‰ .
(3.2.4)
In the previous formula only cosines occur because of the parity relation due
to the d’Alembert rules.
Let us stress that our aim is to provide ranges of inclinations which are
compatible with the stability of the system. These intervals of values are ob-
tained as a function of the parameter D2. Thus it is crucial to keep D2 as a
parameter in the Hamiltonian expansion as long as possible. We now proceed
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with a partial Birkhoff’s normalisation in order to remove the degeneration of
the unperturbed Hamiltonian (as we previously mentioned in Sect. 2.1.2). We
can visualise the Hamiltonian (3.2.3) as
¨
¨ ¨
h
pIq
4;4 . . .
h
pIq
3;3 D2h
pIq
4;3 . . .
h
pIq
2;2 D2h
pIq
3;2 D
2
2 h
pIq
4;2 . . .
HpIqpI,φq “
ÿ
ν ¨I D2hpIq2;1 D22 hpIq3;1 D32 hpIq4;1 . . . .
(3.2.5)
This writing highlights two features of each term: the size of the perturbation
in eccentricity and inclination is determined by the columns; the degree in
actions depends on the rows. Our aim is then to remove the dependency on the
angle variables up to the third column. We determine the first two generating
functions by solving the two homological equations
tBpIIq1 , ν ¨Iu´D2hpIq2;1 “D2Z2;1 (3.2.6)
and
tBpIIq2 , ν ¨Iu´hpIq2;2 “ Z2;2 , (3.2.7)
where Zs;l is the average of hpIqs;l over the angles φ.
The transformed Hamiltonian is computed as
HpIIq “ expLBpIIq2 ˝ expLBpIIq1 H
pIq . (3.2.8)
Let us stress that expLBpIIq1 H
pIq does not produce any contribution to the term
h
pIq
2;2: this justifies the term appearing in (3.2.7) for the generating function.
At this point, all the terms up to order 4 in eccentricity and inclination do not
depend on the fast angles and the Hamiltonian reads
HpIIqpI,φq “ ν ¨I ` D2Z2;1pIq`Z2;2pIq`
8ÿ
s“3
sÿ
l“1
Ds´l2 h
pIIq
s;l pI,φq . (3.2.9)
Analogously, we compute the generating functions BpIIIq1 , BpIIIq2 , BpIIIq3 in order
to eliminate the dependency on the angle variables of the terms of order 6 in
eccentricity and inclinations. Finally, our Hamiltonian is computed as
HpIIIq “ expLBpIIIq3 ˝ expLBpIIIq2 ˝ expLBpIIIq1 H
pIIq . (3.2.10)
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The last preliminary transformation of the Hamiltonian consists in a trans-
lation of the actions. Being the action vector I nearly constant, i.e., Iptq » Ip0q,
we shift the origin of the action about Ip0q “ I˚. This is done using a canonical
transformation T pI,φq “ pp`I˚,qq. The transformed Hamiltonian is given by
Hp0qpp,qq “HpIIIq ˝T pI,φq .
3.2.2 Formal construction of the Kolmogorov invariant
tori
We will now proceed with the construction of the Kolmogorov invariant tori.
Firstly, we compute the expansion of Hamiltonian Hp0q, that can be visually
arranged as
...
...
...
...
...
f
p0,0qppq
2 f
p0,1q
2 pp,qq . . . f p0,sq2 pp,qq . . .
Hp0qpp,qq “
ÿ
ωp0q ¨p f p0,1q1 pp,qq . . . f p0,sq1 pp,qq . . . ,
0 f p0,1q0 pqq . . . f p0,sq0 pqq . . .
(3.2.11)
being the generic term f p0,sqj P Pj,2s : this means that it is a homogeneous
polynomial of degree j in the actions p and a trigonometric polynomial of
degree 2s in q. In order to adopt the classical notation of the Kolmogorov
theorem, we renamed the frequencies ν appearing in Sect. 3.2.1 as ω.
There is a striking difference between the visual schemes (3.2.5) and (3.2.11):
in the latter, we do not keep track of the expansions in powers of D2 . This
is due to the fact that, in the explicit applications, we replace the parameter
D2 with convenient intervals of values. In Sect. 3.3 we will discuss in more
detail this technical point, that is not essential for the comprehension of the
normalisation scheme.
Let us emphasise that the parameter I˚ plays a key role in the convergence
of the expansion. As it is discussed in Locatelli and Giorgilli (2000) and Giorgilli
et al. (2017), the size of the term f p0,sqj has an upper bound that is i) of
order }I˚}s and ii) inversely proportional to the l-th power of the minimum
component of the vector I˚. Therefore the parameter I˚ rules the convergence
of the series with respect to the index s; according to the definitions in the
previous sections, it is a small quantity because I˚ is quadratic in eccentricities
or inclinations.
The Kolmogorov’s normalisation algorithm requires to remove the depen-
dency on the angle variables of all the terms of the Hamiltonian (3.2.11) of
degree 0 or 1 in the actions p. In order to do that, we start by determining the
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generating function χp1q1 such that
tχp1q1 ,ωp0q ¨pu`f p0,1q0 “ 0 , (3.2.12)
where χp1q1 is a trigonometric polynomial of degree 2.
We will then obtain a new Hamiltonian
Hˆp1q “ expL
χ
p1q
1
Hp0q , (3.2.13)
whose generic term of the expansion is fˆ p1,sqj P Pj,2s . As a consequence of
equation (3.2.12), we have that fˆ p1,1q0 “ 0 .
We proceed in an analogous way to complete this first Kolmogorov’s nor-
malisation step: we compute the generating function χp1q2 pp,qq such that
tχp1q2 ,ωp0q ¨pu` fˆ p1,1q1 “ xfˆ p1,1q1 yq ; (3.2.14)
then, χp1q2 will be linear in p and of order 2 in q. Let us stress that it is possible
to solve the previous homological equations (3.2.12) and (3.2.14), provided that
|k ¨ωp0q| ą 0 for k P Z2 with |k| “ 1,2 , being |k| “ |k1|` |k2| .
Therefore, we will obtain the new Hamiltonian Hp1q “ expL
χ
p1q
2
Hˆp1q, whose
generic term is now f p1,sqj P Pj,2s . In the following it lies a profound difference
with respect to previous works (see for example Locatelli and Giorgilli (2000)):
due to the way χp1q2 was determined, we have that
f
p1,1q
1 “ fˆ p1,1q1 `Lχp1q2 ω
p0q ¨p“ xfˆ p1,1q1 yq . (3.2.15)
Therefore, f p1,1q1 is an homogeneous polynomial of degree 1 in p and indepen-
dent from q: hence, it shares the same functional properties of the term ωp0q ¨p .
We then set for appropriate values of ωp1q
ωp1q ¨p“ ωp0q ¨p`xfˆ p1,1q1 yq , (3.2.16)
hence changing the frequency vector associated to the searched invariant tori.
Let us note that a slightly different scheme could be implemented. The stan-
dard approach would fix the value of the frequencies ω “ ωp0q, thus requiring a
different definition of the generating functions. We plan to follow this strategy
and compare the results provided by the two different approaches in the future.
The generic r-th normalisation step is performed in the same way provided
that the following non-resonance condition holds true:
|k ¨ωpr´1q| ą 0 , @ k P Z2zt0u with |k| ď 2r . (3.2.17)
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One can start from an expansion of the Hamiltonian Hpr´1q of the same form
as in (3.2.11), where the upper index 0 is replaced by r´1. Hence, the gener-
ating functions χprq1 , χ
prq
2 are introduced by solving the homological equations
obtained by replacing the upper index 1 with r in formulas (3.2.12) and (3.2.14).
The new Hamiltonian is therefore given by
Hprq “ expL
χ
prq
2
Hˆprq with Hˆprq “ expL
χ
prq
1
Hpr´1q . (3.2.18)
In order to better understand the ultimate goal of this algorithm construct-
ing invariant tori, let us suppose to be able to iterate it ad infinitum. We would
end up with a Hamiltonian of the form
Hp8qpp,qq “ ωp8q ¨p`Op}p}2q . (3.2.19)
Writing the equations of motion derived from the previous Hamiltonian, it
appears evident that the torus tp“ 0 , q P T2u is invariant.
3.3 Parametric study on the D2 parameter
By borrowing the techniques used in Giorgilli et al. (2014) to ensure the exis-
tence of elliptic tori for planetary systems, one could prove the convergence of
the algorithm described in the previous section under very general conditions.
In practice, this means that: (i) the perturbation (ruled by I˚) is small enough;
(ii) the Hessian of the main quadratic term f p0,0q2 ppq is non-degenerate; (iii) the
initial frequencies ωp0q belong to a suitable set having non-zero Lebesgue mea-
sure.
Here we do not investigate theoretically the convergence of the algorithm
that is instead numerically analysed. In the spirit of a reverse KAM approach,
we claim that some initial conditions originate motions that are inside a stable
region when the convergence is evident from a numerical point of view.
We want to investigate the stability of extrasolar planetary systems for the
widest possible ranges of D2 (i.e., mutual inclinations) and we want to take
into account the uncertainties on other orbital elements due to the observational
limitations. Therefore, we have found convenient to represent the coefficients of
the expansions of the Hamiltonian with intervals. Let us emphasise that such
an approach based on interval arithmetic allows us to cover completely a set
of values of the orbital elements. This provides a key advantage to the normal
form approach with respect to the explorations purely based on numerical in-
tegrations. In fact, when dealing with numeric parametrical analysis the latter
methods require to consider grids of values of the initial conditions; moreover,
the synthetic coverage provided by the normal form approach (implemented
with interval arithmetic) is not possible.
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When dealing with the proof of any KAM-type statement, it is essential to
establish an iterative scheme of estimates producing suitable majorants. The
ultimate goal of such a scheme is proving that the norms of the two sequences
of generating functions (i.e., χprq1 and χ
prq
2 in our settings) decrease exponen-
tially. Therefore, when such a behaviour is met in the plot of the norms of
the generating functions, this is the clear signature of the existence of invariant
KAM tori. In the case of a forced pendulum Hamiltonian model (see Celletti
et al. (2000)), the study of the behaviour of χprq2 succeeded in extrapolating a
good approximation of the breakdown of the golden ratio invariant torus. As
previously discussed, the existence of KAM tori implies the long-time stability
of the dynamics in a region surrounding them. Therefore, this argument en-
sures that the stability in KAM sense is firmly related to the convergence of
the generating functions.
To fix the ideas, let us consider the specific case of the extrasolar multiplan-
etary system HD 40307, whose orbital parameters are reported in Tab. 3.1. The
plots of the norms of the generating functions χprq2 are shown in Fig. 3.1 for two
different ranges of values of the parameter D2 . The norm }χprq2 } is nothing but
the sum of the absolute values of the coefficients of the terms appearing in its
expansion. We decide to focus on the behaviour of χprq2 instead of the one of
χ
prq
1 because we observed that the former ones are bigger than the latters. On
the top panel of Fig. 3.1, for D2 values in the range r0.0164,0.0564s we can ap-
preciate that the decrease of }χprq2 } is sharp and quite regular; we associate this
behaviour to the convergence of the algorithm. Often the algorithm crashes
because the coefficients in the expansions of the Hamiltonians inflate to the
point where the non-resonant condition (3.2.17) is not satisfied anymore. By
comparison, the decrease of the norms in the plot on the bottom of Fig. 3.1,
for D2 values in the range r0.0814,0.0864s, is notably slower than the one on
the top; for instance, the norm of the last computed generating function on the
bottom is 6 orders of magnitude bigger than the corresponding on the top.
Obviously we aim to automatise the identification of the converging proce-
dures to avoid a visual inspection for each specific instance. Having fixed the
maximal normalisation order at r¯ “ 33, in our codes the non-convergence is
established if at least one of the following tests is true:
1. the ratio }χprq2 }{}χp1q2 } is greater than 0.9 r´1 for some r;
2. the norm }χpr¯q2 } is greater than 10´9 }χp1q2 }.
Otherwise, we consider that the algorithm might be iterated ad infinitum, so
to ensure the existence of the KAM tori.
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Figure 3.1 – Results relative to HD 40307. Behaviour of the norms of the
generating functions χprq2 as a function of the normalisation step r . On
the top, for values of D2 P r0.0164 , 0.0564s. On the bottom for values of
D2 P r0.0814 , 0.0864s. The orbital parameters of the system are listed in
Tab. 3.1.
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3.4 Results
In this section, we explicitly apply our approach to the three selected extrasolar
systems described in Sect. 3.1. In Tab. 3.1 we report the orbital parameters
of the systems considered: for simplicity in the following we use as planetary
masses the minimal ones listed there.
System Planet msin irMJ s
MStar
rMds
a
rAUs
e ω
r˝s
HD141399 c 1.33 1.14 0.704 0.048˘0.009 220˘40
d 1.18 2.14 0.074˘0.025 220˘30
HD143761 b 1.045 0.99 0.228 0.037˘0.004 270.6˘6
c 0.079 0.427 0.050˘0.004 175˘125
HD40307 c 0.0202 0.77 0.081 0.060˘0.005 234˘1
d 0.0275 0.134 0.070˘0.005 170˘10
Table 3.1 – Orbital parameters of the systems considered to apply the compu-
tational algorithm for the parametric study on D2. For each column the unit
of measure is reported in square brackets. The angle i refers to the inclination
of the orbital plane with respect to the line of sight.
For the sake of completeness, we detail some of the parameters ruling the
finite size of the expansions of the Hamiltonians introduced in our formal algo-
rithm (Sect. 3.2). In Tab. 3.2 we list the values of the integer parameters KF
and NS and the mean-motion resonance that is considered to play the major
role in the perturbation of the non-resonant fast dynamics. Let us recall that
KF gives the limitation on the generating function χpO2q1 that is needed to
construct the approximation at order 2 in the masses; moreover, NS fixes the
maximal order in e2` i2 for the secular Hamiltonian Hpsec2q (see Sect. 2.2.3).
The series appearing in Eq. (3.2.3) and defining HpIq is truncated at the final
value s “ 15; the same limitation is imposed on the expansions of HpIIq and
HpIIIq. Finally, the maximal degree in the actions p is fixed at 4 for the expan-
sions of all the Hamiltonians Hprq involved in the normalisation up to order
r¯ “ 33.
In Fig. 3.2 we present two plots relative to HD 141399. On the top, we show
the True/False output which results from the tests on the convergence described
in Sect. 3.3: to each value of the parameter D2 we assign 1 if the system is
convergent, 0 otherwise. On the bottom, we show the plot of the mutual
inclination as the function of the parameter D2 described by relation (2.2.9).
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System Nearest resonance KF NS
HD141399 5 : 1 12 8
HD143761 5 : 2 8 6
HD40307 2 : 1 6 8
Table 3.2 – Nearest resonance and values of the integer parameters KF and
NS (as described in Section 2.2.3) for each system.
By means of the interval arithmetic, we can take into account the observational
errors on the orbital parameters of the system, e.g., the eccentricities (as shown
in Tab. 3.1). Therefore, for each value of the parameter D2 we obtain a range
of values for the mutual inclination. For this reason, in all the plots concerning
the mutual inclination (right of Fig. 3.2 and Fig. 3.3) a central value with
error-bars is drawn on the y coordinate. In Fig. 3.3, we show the results for the
systems HD 143761 (top panel) and HD 40307 (bottom panel). The behaviour
of the mean value of the mutual inclinations is mainly due to relation (2.2.9).
The jump observed in the thick lines of the plots can be related to numerical
reasons. As negative values of the mutual inclination are not acceptable, the
error bars are smoothed so to never include values below the zero. The jump
occurs at the first value of D2 such that the error bars do not need to be
corrected anymore.
We can summarise the results provided by our implementation of the Kol-
mogorov’s normalisation scheme as follows: the systems HD 141399, HD 143761
and HD 40307 are stable in the KAM sense, for mutual inclinations up to 18˝,
10˝ and 15˝, respectively. In this context, if we would have taken into account
the magnifying factor 1{sin ij for the mass of the j-th planet, we expect that
the previous maximal mutual inclinations would be slightly lower, except in
the extreme case in which ij are close to zero. Indeed, the main impact of
considering larger masses would be increasing the size of the correcting terms
of order two in the masses with respect to those of order one in the secular
Hamiltonian Hpsecq.
3.5 Conclusions and perspectives
Up to our knowledge, this is the first application to extrasolar planetary sys-
tems of an explicit algorithm constructing KAM tori. As it is discussed in the
previous sections, actually we have not applied a statement of the KAM theo-
rem. Instead, we have exploited a keystone of the proof, i.e., the study of the
convergence of the generating functions. In this respect we can say that our
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Figure 3.2 – Results relative to HD 141399. On the top, the True/False output
regarding the convergence of the algorithm. On the bottom, the range of values
of the mutual inclination (in radians), where the thick line represents the mean
value of the inclination interval. Both the plots are drawn as functions of the
parameter D2.
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Figure 3.3 – Plots of the mutual inclination as a function of the parameter
D2. On the top, the results relative to HD 143761. On the bottom, those for
HD 40307.
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approach is computer aided: the norms of some of the initial generating func-
tions are evaluated after having explicitly calculated their expansions, instead
of being analytically estimated. The eventual convergent character of the con-
structing algorithm in its entirety is inferred by the behaviour of said norms.
Our results should legitimately be included in the list of the applications of
KAM theory to realistic physical models (see, e.g., Celletti (1994); Celletti
and Chierchia (2007); Gabern et al. (2005)). In fact, for what concerns the tori
that are invariant with respect to the secular Hamiltonian and characterised
by the complete circulation of the arguments of the pericenters, the values of
the mutual inclinations for which the Lidov-Kozai resonant region takes place
can be considered as a natural upper limit2. In extrasolar systems such a crit-
ical value of the mutual inclinations is usually located at about 40˝ (see, e.g.,
Libert and Tsiganis (2009)). Therefore, for the three systems here considered,
our results about the stability in the KAM sense cover a set of values whose
extension ranges between 25% and 50% of the Lidov-Kozai limit. The inclusion
of the Lidov-Kozai resonance region will be the subject of the next chapter.
We shall now point out the weaknesses of our approach. Our constructing
algorithm does not work when the eccentricities of the planets are not small. In
fact, the procedure has generated divergent series when it has been applied to
the systems HD 109271, HD 155358 and HD 4732; in all of them there is at least
one of the planets whose eccentricity is between 0.1 and 0.25. Thus, it seems
that our approach is limited to systems with planetary eccentricities smaller
than 0.1. Since we are able to produce results for small inclinations of the major
planets of the systems, the ideal situation is very similar to that of the Solar
System. This is not surprising, since the whole approach has been adapted
from the one described in Locatelli and Giorgilli (2000), which in turn has
been tailored to the Jovian planets. In particular, the series expansion of the
three-body planetary Hamiltonian is in power series of some coordinates and
parameters that are of the same order of the eccentricities and the inclinations.
A natural goal for the future would be to remove the limitations affecting
the approach described in this work. We think that some of them are intrinsic
in the definition of stability that we assumed. Actually, since the beginning
we postulated that the motions of the major planets are quasi-periodic and
their orbits lie on KAM tori constructed with expansions in small eccentricities
and inclinations. Such a prescription is extremely strict. In our opinion, any
2In the Laplace plane frame, the region of the Lidov-Kozai resonance is characterised by
the libration of the argument of the pericenter of the inner planet. The implicit adoption of
such a frame has been essential in order to perform the reduction of the angular momentum
sketched in Sect. 2.2.2. Therefore, the comparison between our results and those for that
resonant region is valid because also our Hamiltonian model is written in the secular canonical
coordinates with respect to the Laplace plane.
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substantial improvement of the method will be based on a clever weakening
of this assumption. This should be done by identifying a suitable integrable
approximation of the secular dynamics that can be shown to be convergent
even for large eccentricities. In the very different context of the orbits of the
Trojan bodies, this change of attitude has been shown to produce substantial
enhancements (see Páez and Locatelli (2015); Páez et al. (2016)). In future
works, we plan to extend this kind of ideas to the problem of determining
values of the inclinations consistent with (a suitable type of) stability.
58 Chapter 3. A reverse KAM method
Part III
3D systems with moderate
to high eccentricities
59

Chapter4
Lidov-Kozai resonance and
stability
In this chapter, we propose a second approach to study the long-term stability
of extrasolar systems. The differences with the previous approach based on the
KAM theory are noticeable.
This chapter describes the methodology and the results presented in Volpi
et al. (2019).
4.1 Motivation
Firstly, with the reverse KAM approach (see Chap. 3) we focused our paramet-
ric study on the mutual inclination between the planets. For what concerns
the masses of the planets, we took the minimal values provided by the obser-
vations (see Sect. 1.2.1). In the second approach we consider a more realistic
view of extrasolar systems, since we also take into account different values of
the inclination i of the orbital planes with respect to the line of sight. This
implies considering different values of the masses of the planets. It also means
that we will have to handle a higher number of parameters in the study.
Secondly, as discussed in Chap. 2 we should carefully differentiate the mean-
ing of the term “stability”. In the framework of extrasolar planetary problems,
we say that a system is stable in a KAM sense whenever the algorithm for
the construction of the invariant tori converges (as per Sect. 3.1). We should
consider that the implementation of the algorithm intrinsically restrains the
subset of the parametric space for which the convergence is guaranteed. In
other words, the normalisation scheme is highly demanding in terms of require-
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ments that the initial conditions have to satisfy (as it is discussed in Sect. 3.5).
The stability concept as intended from now on, however, is different. With-
out undergoing the process to construct the KAM tori (and thus requiring the
convergence of the constructing algorithm), we mean to determine the 3D con-
figurations whose associated orbit is regular, and we will provide an analytical
comprehension of the results in terms of the stable equilibria of the secular
Hamiltonian formulation.
A few studies on the dynamics of extrasolar systems have been devoted
to the 3D problem. Analytical works of Michtchenko et al. (2006), Libert
and Henrard (2007), and Libert and Henrard (2008) investigated the secular
evolution of 3D exosystems which are not in a mean-motion resonance. They
showed that mutually inclined planetary systems can be long-term stable. In
particular, these works focused on the analysis of the equilibria of the 3D
planetary three-body problem, showing the generation of stable Lidov-Kozai
(LK) equilibria (Lidov (1962), Kozai (1962)) through bifurcation from a central
equilibrium, which itself becomes unstable at high mutual inclination. Thus,
around the stability islands of the LK resonance, which offers a secular phase-
protection mechanism and ensures the stability of the system, chaotic motion of
the planets occurs, limiting the possible 3D configurations of planetary systems.
Using n-body simulations, Libert and Tsiganis (2009) investigated the possi-
bility that five extrasolar two-planet systems, namely υ Andromedae, HD 12661,
HD 169830, HD 74156 and HD 155358, are actually in a LK-resonant state for
mutual inclinations in the range r40˝,60˝s. They showed that the physical and
orbital parameters of four of the systems are consistent with a LK-type or-
bital motion, at some specific values of the mutual inclination, while around
30%´50% of the simulations generally lead to chaotic motion. The work also
suggests that the extent of the LK-resonant region deeply varies for each plan-
etary system considered.
Extensive long-term n-body integrations of five hierarchical multi-planetary
systems (HD 11964, HD 38529, HD 108874, HD 168443 and HD 190360) were
performed by Veras and Ford (2010). They showed a wide variety of dynamical
behaviours when assuming different line-of-sight and relative inclinations. They
often reported LK-oscillations for stable highly inclined systems.
In the spirit of Libert and Tsiganis (2009), we aim to determine the possible
3D architectures of RV-detected systems by identifying ranges of values for
the mutual inclinations which ensure the long-term stability of the systems.
Particular attention will be given to the possibility of the detected extrasolar
systems to be in a LK-resonant state, since it offers a secular phase-protection
mechanism for mutually inclined systems, even though the two orbits may suffer
large variations both in eccentricity and inclination. Indeed, the variations
occur in a coherent way, such that close approaches do not occur and the
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system remains stable.
Our analytical approach is based on the adoption of the secular Hamiltonian
at order one in the masses, described in Sect. 2.2.3. For completeness, we re-
write its formulation:
HpD2,ξ,ηq “
ORDECC{2ÿ
j“0
Cj,m,nDj2
ORDECC´jÿ
m`n“0
ξmηn , (4.1.1)
recalling that
ξj “
a
2Λj
c
1´
b
1´e2j cosωj ,
ηj “´
a
2Λj
c
1´
b
1´e2j sinωj ,
(4.1.2)
and where ORDECC indicates the maximal order in eccentricities considered,
here fixed to 12. We recall that this Hamiltonian has only two degrees of free-
dom, with the semi-major axis being constant in the secular approach. It has
been shown in previous works (see, for example, Libert and Henrard (2007),
Libert and Sansottera (2013)) that, if the planetary system is far from a mean-
motion resonance, the secular approximation at the first order in the masses
is accurate enough to describe the evolution of the system. Such analytical
approach is of interest for the present purpose, since, being faster than pure n-
body simulations which also consider small-period effects, it allows to perform
an extensive parametric exploration at a reasonable computational cost. More-
over, we will show that the analytical expansion is highly reliable, fulfilling its
task up to high values of the mutual inclination.
The goal of the present work is twofold. On the one hand, we study the 3D
secular dynamics of ten RV-detected extrasolar systems, identifying for each
one the values of the inclination i of the orbital plane with respect to the line
of sight and of the mutual inclination imut inducing a LK-resonant behaviour
of the system. On the other hand, through numerical explorations performed
with a chaos detector, we identify the ranges of values for which a long-term
stability of the orbits is observed, unveiling for each system the extent of the
chaotic region around the LK stability islands.
4.2 Parametric study
In the following, we describe the parametric study realised in the present work.
The selection of the systems considered here is described in Sect. 4.2.1, and the
accuracy of the analytical expansion for the secular evolution of the selected
systems is discussed in Sect. 4.2.2.
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4.2.1 Methodology
The present work aims to identify the possible 3D architectures of RV-detected
extrasolar systems. From the online database exoplanets.eu (Schneider et al.,
2011) we selected all the two-planet systems which fulfil the following criteria:
(a) the semi-major axis of the outer planet is smaller than 10AU (systems with
significant planet-planet interactions); (b) the system is not close to a mean-
motion resonance1; (c) the initial planetary eccentricities are lower than 0.65;
(d) the masses of the planets are smaller than 10MJ ; (e) the orbital period
of the inner planet is larger than 45 days (no significant relativistic or tidal
effects induced by the star, see Chap. 5). The orbital parameters of the 10
selected systems are listed in Table 4.1, as well as the reference from which
they have been derived.
In this work, the secular evolutions of the systems are considered when
varying the mutual inclination imut and the orbital plane inclination i with
respect to the plane of the sky. It is important to note that, although the
inclinations i1 and i2 of the two orbital planes may differ, we decide here to set
the same value i1 “ i2 “ i for both planes. Thus both masses are varied using
the same scaling factor sin i.
In the general reference frame, the following relation holds:
cos imut “ cos i1 cos i2` sin i1 sin i2 cos∆Ω , (4.2.1)
being ∆Ω “ Ω1 ´Ω2. It should be noted that Eq. (4.2.1) can be solved if
imutď 2i, thus for a given value of i it determines boundaries for the compatible
values of imut. Since i1 “ i2 “ i, having fixed the values of imut, we can
determine the value of the longitudes of the nodes by setting Ω1 “ ∆Ω and
Ω2 “ 0, thus obtaining the complete set of initial conditions. A consequent
change of coordinates to the Laplace plane is finally performed by using the
relations (2.2.5) and (2.2.6) valid in the Laplace plane.
For our parametric study, we vary the value of the mutual inclination imut
from 0˝ to 80˝ with an increasing step of 0.5˝, while the common orbital plane
inclination i runs from 5˝ to 90˝ with an increasing step of 5˝. As the coeffi-
cients Cj,m,n in Eq. (4.1.1) depend on L, and therefore on the masses of the
planets, we recompute them for each value of i. Regarding the integration of
the secular approach, we implement a Runge-Kutta of order 4 scheme, fixing
the integration time to 106 yr with an integration step of 1 yr, and the energy
preservation is monitored along the integration.
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4.2.2 Accuracy of the analytical approach
Before discussing the results of our parametric study, we need to ensure that
the Hamiltonian formulation (4.1.1) provides an accurate description of the
planetary dynamics for all sets of parameters considered in the study, in par-
ticular for high values of the mutual inclination imut. As already shown in
previous papers (e.g. Libert and Henrard (2005) for the coplanar problem,
Libert and Henrard (2007) for the 3D problem), the series of the secular terms
converge better than the full perturbation. However, the higher the value ofD2,
the weaker the convergence, as expected. In the following, we discuss the nu-
merical convergence of the expansion for the selected extrasolar systems, also
called convergence au sens des astronomes, as opposed to the mathematical
convergence (Poincaré (1893)).
In Table 4.2, are listed, for the 10 systems, the contributions to the Hamilto-
nian value of the terms from order 2 to order 12 in eccentricities and inclinations
(i.e., j`m`n in Eq. (4.1.1)). The entries are the sums of the absolute value of
the terms appearing at a given order, computed at the orbital parameters given
in Table 4.1 and at i“ 50˝ and imut “ 50˝, in order to evaluate the convergence
au sens des astronomes at high mutual inclination. Whenever we fix the value
of imut, we can evaluate the parameter D2 and rearrange the expression (4.1.1)
into
Hpξ,ηq “
ORDECC{2ÿ
m`n“0
C¯m,n ξmηn . (4.2.2)
Therefore, we have that
H2i “
ÿ
m`n“i
ˇˇC¯m,n ξmηn ˇˇ. (4.2.3)
The numerical convergence of the expansion at high mutual inclination is ob-
vious for most of the systems. However, when the decrease of the terms is
less marked, we should keep in mind that results at higher mutual inclinations
should be analysed with caution. This is the case, in particular, for the systems
HD 11506, HD 12661, HD 169830 and HD 74156. Moreover, the last column of
Table 4.1 gives an estimation of the remainder of the truncated expansion. It
shows the relative error between the secular Hamiltonian computed by numeri-
cal quadrature and our polynomial formulation (4.1.1), confirming the previous
observations.
To further illustrate the accuracy of our analytical approach, we show in
Fig. 4.1 and Fig. 4.2 the evolutions of HD 12661 given by the analytical ex-
pansion (4.1.1) (red curves) for the mutual inclinations imut “ 20˝,40˝,50˝
1A system is close to the k2 : k1 mean-motion resonance if there exist k1,k2 P N such that
n1k1´n2k2 » 0, where n1,n2 are the mean motions.
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Figure 4.1 – Dynamical evolutions of the HD 12661 system given by the ana-
lytical expansion (in red) and by n-body simulations (in blue), for imut “ 20˝
(top), 40˝ (bottom). The inclination of the orbital plane is fixed to i“ 50˝.
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Figure 4.2 – Dynamical evolutions of the HD 12661 system given by the ana-
lytical expansion (in red) and by n-body simulations (in blue), for imut “ 50˝
(top) and 80˝ (bottom). The inclination of the orbital plane is fixed to i“ 50˝.
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and 80˝ (i is fixed to 50˝), and compare them to the evolutions obtained by
the numerical integration of the three-body problem with the SWIFT package
(Levison and Duncan (1994), blue curves). Although the numerical conver-
gence observed in Table 4.2 is not excellent for HD 12661, the agreement of the
analytical approach with the numerical integration of the full problem is very
good. The dynamical evolutions are well reproduced up to high values of the
mutual inclination (imut “ 20˝,40˝,50˝). Only small differences in the periods
are observed and can be attributed to the short-period terms not considered in
our secular formulation. For very high values (imut “ 80˝), the dynamical evo-
lutions given by the two methods no longer coincide, but follow the same trend.
The accuracy of the analytical approach is also monitored along the evolutions
in the last panels of the plots of Fig. 4.1 and Fig. 4.2 by computing the quantity
H12{H2, introduced in Table 4.2. This quantity reaches higher maximal values
when increasing the mutual inclination imut. As it will be shown in Sect. 4.3.3,
the orbits are generally chaotic for high values of the mutual inclination.
4.3 Results
The question of the 3D secular dynamics of RV-detected planetary systems is
addressed here in two directions. Firstly, we focus on identifying the inclination
values for which a LK-resonant regime is observed in our parametric study.
Secondly, the long-term stability of the mutually inclined systems is unveiled
by means of a chaos detector.
4.3.1 Extent of the LK regions
Regarding the possible 3D configurations of extrasolar systems, we are partic-
ularly interested in the LK resonance. This protective mechanism ensures that
the system remains stable, despite large eccentricities and inclinations varia-
tions. It is characterised, in the Laplace-plane reference frame, by the coupled
variation of the eccentricity and the inclination of the inner planet, and the
libration of the argument of the pericenter of the same planet around ˘90˝
(Lidov (1962), Kozai (1962)).
As a first example, we investigate the dynamics of the HD 12661 extrasolar
system. In the top panel of Fig. 4.3, we show, for varying (imut, i) values, the
maximal eccentricity of the inner planet reached during the dynamical evolution
of the system, i.e.
e1max “maxt e1ptq , (4.3.1)
being e1ptq the eccentricity of the inner planet at time t. Let us note that this
quantity is often used to determine the regularity of planetary orbits, since for
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Figure 4.3 – Long-term evolution of the HD 12661 system when varying the
mutual inclination imut (x-axis) and the inclination of the orbital plane i (y-
axis), both expressed in degrees. Top panel: the maximal eccentricity of the
inner planet, as defined by Eq. (4.3.1). Bottom panel: the libration amplitude
of the argument of the pericenter ω1 (in degrees), as defined by Eq. (4.3.2).
The three highlighted points are related to the representative planes shown in
Fig. 4.4.
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low (eÀ 0.2) and high (eÁ 0.8) eccentricity values it is generally found in good
agreement with chaos indicators (see for instance (Funk et al., 2011)). On the
bottom panel, we report, for all the considered (imut, i) values, the libration
amplitude of the angle ω1, defined as
libr_amplpω1q “max
t
ω1ptq´min
t
ω1ptq . (4.3.2)
This value will serve as a guide for the detection of the LK-resonant behaviours
characterised by the libration of ω1, and thus by a small value of libr_amplpω1q.
When following an horizontal line in Fig. 4.3, the mutual inclination imut
varies while the orbital inclination i, and thus the planetary masses, are kept
fixed. On the other hand, the inclination of the common orbital plane decreases
when moving down along a vertical line, while the planetary masses increase
accordingly. As previously stated, this implies the re-computation of the coef-
ficients Cj,m,n of Eq. (4.1.1). Let us recall that all (imut, i) pairs can not be
considered here since, for fixed i1 “ i2 “ i values, Eq. (4.2.1) can not be solved
for all the mutual inclinations.
We see that the eccentricity variations of 3D configurations of HD 12661
are small2 for low mutual inclinations (blue colour in the top panel of Fig. 4.3)
and become large for high mutual inclinations (red colour). Additionally, the
argument of the pericenter ω1 circulates for low imut values (light blue colour
in the bottom panel of Fig. 4.3) and librates for high imut values (dark blue
colour). Thus, for high mutual inclinations, the system is in a LK-resonant
state.
To visualise the different dynamics, we draw, for a given D2 value, the level
curves of Hamiltonian (4.1.1) in the representative plane pe1 sinω1,e2 sinω2q
where both pericenter arguments are fixed to ˘90˝ (see Libert and Henrard
(2007) for more details on the representative plane). This plane is neither a
phase portrait, nor a surface of section, since the problem is four-dimensional.
However, nearly all the orbits will cross the representative plane in several
points of intersection on a same energy curve. Fig. 4.4 shows the representa-
tive planes of HD 12661 for imut “ 20˝ (i.e., D2 “ 0.35, top left panel), 40˝
(i.e., D2 “ 0.67, top right panel) and 50˝ (i.e., D2 “ 0.90, bottom panel), the
inclination of the orbital plane being fixed to 50˝. These three system config-
urations are also indicated with white crosses in Fig 4.3 and their dynamical
evolutions are those presented in Fig. 4.1 and Fig. 4.2.
For low values of imut, circular orbits (e1 “ e2 “ 0) constitute a point of
stable equilibrium (top left panel of Fig. 4.4). As we increase the mutual
inclination (top right and bottom panels of Fig. 4.4), the central equilibrium
becomes unstable and bifurcates into the two stable LK equilibria. The red
2It is recalled that the initial inner eccentricity is 0.377.
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Figure 4.4 – Representative plane for the HD 12661 system, having fixed the
inclination of the orbital plane to i “ 50˝, for imut “ 20˝ (top left panel),
imut “ 40˝ (top right panel) and imut “ 50˝ (bottom panel). The level curve
of Hamiltonian relative to the orbital parameters of HD 12661 is highlighted in
red. The crosses indicate the intersections of the orbit with the representative
plane.
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crosses represent the intersections of the evolution of the mutually inclined HD
12661 system with the representative plane. For low mutual inclinations, the
crosses are located on both sides of the representative plane, so the argument
of the inner pericenter circulates. For imut “ 50˝ (bottom panel of Fig. 4.4),
the crosses are inside the LK island in the left side of the representative plane,
associated with the libration of ω1 around 270˝ (as it can also be observed in
the top dynamical evolution shown in Fig. 4.2). We see that the corresponding
white cross on the bottom of Fig. 4.3 is likewise located inside the dark blue
region of the LK resonance.
The critical value of the mutual inclination, which corresponds to the change
of stability of the central equilibrium, depends on the mass and semi-major axis
ratios (see, e.g., Libert and Henrard (2007)) and is typically around 40˝´45˝
for mass ratios between 0.5 and 2. The linear stability of the central equilib-
rium can be studied by following the same approach adopted, for example, in
Henrard and Lemaître (2005) and Libert and Henrard (2007). Around an equi-
librium point pξ˚,η˚q, the quadratic approximation of the Hamiltonian (4.1.1)
can be written as
2Q“ a11s21`2a12s21s22`a22s22` b11S21 `2b12S1S2` b22S22 , (4.3.3)
where
ai,j “ B
2Q
BξiBξj
ˇˇˇˇ
pξ˚,η˚q
, bi,j “ B
2Q
BηiBηj
ˇˇˇˇ
pξ˚,η˚q
pi, j “ 1,2q (4.3.4)
and psi,Siq are the increments relative to the variables pξi,ηiq. Applying the
untangling transformation described in detail in Henrard and Lemaître (2005),
we obtain a new formulation of the Hamiltonian, that now writes as a linear
combination of squares:
2Q“ pc11s˜21`d11S˜21q`pc22s˜22`d22S˜22q , (4.3.5)
being ps˜i, S˜iq (for i, j“ 1,2) the new variables. Studying the sign of the products
ciidii we can determine the linear stability: when it is positive the correspond-
ing degree of freedom is linearly stable, otherwise it is linearly unstable. The
linear frequencies can be easily computed when ciidii ą 0, by introducing a new
set of action-angle variables
s˜i “
b
2RiR˚i sinri , S˜i “
b
2Ri{R˚i cosri , (4.3.6)
where R˚i “
a
dii{cii. We finally obtain the following simplified form of the
Hamiltonian:
Q“ac11d11R1`ac22d22R2 . (4.3.7)
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Figure 4.5 – Evolution of the ratio of the linear frequencies
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c22d22 as defined by Eq. (4.3.7), relative to the central equilibrium point
of the system HD 12661, having fixed i“ 50˝.
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In Fig. 4.5 we show, for the system HD 12661 with i“ 50˝, the evolution of
the ratio between the two linear frequencies
?
c11d11 and
?
c22d22, associated
to the stable central equilibrium, when increasing the value of the mutual
inclination. The ratio is positive up to „ 42˝ of mutual inclination, when we
observe a change of stability of the central equilibrium.
For increasing mutual inclinations, the stable LK equilibria created by the
bifurcation of the central equilibrium reach higher inner eccentricity values and
the orbit of the considered system possibly crosses the representative plane
inside a LK island, as observed in Fig. 4.4. Therefore, the dark blue LK region
in Fig. 4.3 starts around 40˝´55˝, the exact value for the change of dynamics
depending on the inclination of the orbital plane since the expansion (4.1.1)
depends on the inclination i via the planetary mass.
Let us note that, even if the numerical convergence of the analytical ex-
pansion of HD 12661 system is not excellent (see Table 4.2), the LK-resonant
region perfectly matches the one obtained with n-body simulations additionally
performed for validation, except at very high mutual inclinations (imut ě 70˝).
Indeed, for HD 12661 and HD 74156 systems, a destabilisation of the orbits is
observed at very high mutual inclinations and slightly reduces the stable LK
region.
A second example is shown in Fig. 4.6 for the HD 11506 system. The LK
region is now located at smaller mutual inclinations, making visible the right
border of the LK region. For each i value, the interval of mutual inclinations
associated with the libration of the angle ω1 begins at „ 40˝, whereas its am-
plitude depends on i. No spatial configuration of HD 11506 can be found in a
LK-resonant state for a mutual inclination higher than 65˝.
Let us note that some additional dark-blue points can be observed for low
values of the inclinations of the orbital plane i. These systems are close to the
separatrix of the LK resonance and will be destabilised on a longer time scale,
as it will be shown in the next section.
In Fig. 4.7 we display the libration amplitude of the argument of the peri-
center of the inner planet for the 10 systems considered here. All the graphs
do show a LK region. In other words, all the selected RV-detected systems,
when considered with a significant mutual inclination, have physical and or-
bital parameters compatible with a LK-resonant state. Table 4.3 summarises
information on the extent of the LK region for each system. The second and
third columns display the minimum values of the mutual inclination imut (with
an accuracy of 1˝) and the orbital inclination i, respectively, for which a libra-
tion of the argument of the pericenter ω1 is observed. The percentage of initial
conditions inside the (dark blue) LK region is given in the fourth column. The
last column reports the percentage of chaos in the whole set of initial conditions
and will be discussed in Section 4.3.3.
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Figure 4.6 – Same as Fig. 4.3 for HD 11506 system.
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Figure 4.8 – Libration amplitude of ω1, as in Fig. 4.7, for HD 12661 (top)
and HD 142 (bottom) systems, when considering the minimal values (left), the
nominal values (middle) and the maximal values (right) of the orbital param-
eters.
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Table 4.3 – Extent of the LK region for the 10 systems. For each system, we
indicate the minimum imut (second column) and i (third column) values of the
LK region where libration of ω1 is observed in Fig. 4.7, the percentage of initial
conditions for which a LK-resonant state is observed (fourth column) and the
percentage of initial conditions classified as chaotic by the chaos indicator (fifth
column).
System min imut min i LK chaos
p˝q p˝q (%) (%)
HD 11506 41 30 15 39
HD 12661 43 30 24 49
HD 134987 46 30 13 –
HD 142 44 30 11 2
HD 154857 41 30 10 2
HD 164922 43 30 23 –
HD 169830 45 25 23 19
HD 207832 50 35 17 20
HD 4732 49 35 12 15
HD 74156 41 30 20 2
4.3.2 Sensitivity to observational uncertainties
So far, we have considered the nominal values of the orbital parameters given
by the observations. However, due to the limitations of the detection tech-
niques, observational data come with relevant uncertainties, and to explore the
influence of such uncertainties on the previous results is relevant. As typi-
cal examples, we show in Fig. 4.8 the extent of the LK region for HD 12661
and HD 142 systems, when considering extremal orbital parameters within the
confidence regions given by the observations, instead of the best-fit parameter
values. The errors on each orbital parameter are listed in Table 4.1 for both
planetary systems. Two extremal cases are examined in the following, where
the minimal/maximal values are adopted for all the parameters simultaneously.
In the case of the HD 12661 system, the location and extent of the LK
region are very similar when adopting the minimal values (top left panel of
Fig. 4.8), the nominal values (top middle) and the maximal values (top right)
of the orbital parameters. Concerning HD 142, the situation is quite different.
We observe, in the bottom panels of Fig. 4.8, a significant variation of the
LK region in its extent and shape, probably due to the greater size of the
observational errors on the different orbital elements.
As a result, the location and extent of the LK resonance regions are sensitive
to observational uncertainties in the orbital elements, especially when they are
4.3. Results 81
significant, and this should be taken into account in detailed studies of the se-
lected systems. Nevertheless, we stress that, when considering extremal values
within the confidence regions, the dynamics remains qualitatively the same with
the existence of stable LK islands at high mutual inclinations for both systems.
4.3.3 Stability of planetary systems
In this section, we aim to determine if the LK-resonant state of a 3D planetary
system is essential to ensure its long-term stability. To do so, we have used the
Mean Exponential Growth factor of Nearby Orbits (MEGNO) chaos indicator,
briefly described in the following (for an extensive discussion on the properties
of the MEGNO, see Cincotta and Simo (2000) and Maffione et al. (2011)).
Let Hpp,qq with p,q P Rn be an autonomous Hamiltonian of n degrees of
freedom. The Hamiltonian vector field can be expressed as
9x“ J∇xHx (4.3.8)
where x “
ˆ
p
q
˙
P R2n and J =
„
0n ´1n
1n 0n

, being 1n and 0n the unitary
and null nˆn matrices, respectively. In order to apply the MEGNO chaos
indicator, we need to compute the evolution of deviation vectors δptq. These
vectors satisfy the variational equations
9δptq “ J∇2xHδptq, (4.3.9)
being ∇2xH the Hessian matrix of the Hamiltonian. As in Cincotta and Simo
(2000), the Mean Exponential Growth Factor is defined as
Y ptq “ 2
t
ż t
0
9δpsq
δpsq ds (4.3.10)
where δpsq is the Euclidean norm of δpsq. We consider here the mean MEGNO,
i.e., the time-averaged MEGNO:
Y¯ ptq “ 1
t
ż t
0
Y psqds. (4.3.11)
The limit for t Ñ 8 provides a good characterisation of the orbits. The
MEGNO chaos indicator is particularly convenient since we have:
• limtÑ8Y¯ ptq “ 0 for stable periodic orbits,
• limtÑ8Y¯ ptq “ 2 for quasi-periodic orbits and for orbits close to stable
periodic ones,
• for irregular orbits, Y¯ ptq diverges with time.
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Figure 4.9 – Mean MEGNO values for HD 11506 system given by our analytical
approach (top panel) and n-body simulations (bottom panel).
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For each set of initial conditions we choose the initial deviation vector δp0q
as a random unitary vector. We then study its evolution along the orbit and
compute the corresponding evolution of the mean MEGNO. Two main factors
have motivated the choice of this chaos indicator. First, it requires the study of
the evolution of only one deviation vector, saving valuable computational time.
Second, it returns an absolute value, as it classifies each orbit independently.
As previously noted, the LK-resonant state is surrounded by a chaotic zone
associated with the bifurcation of the central equilibrium at null eccentricities.
Therefore, a chaos indicator can be useful to highlight the extent of the chaotic
zone and identify with precision the (imut, i) values ensuring the regularity of
the orbits for a long time.
On the top panel of Fig. 4.9, we show the values of the mean MEGNO for
HD 11506 computed with our analytical approach. We can appreciate how
the region at high inclinations characterised as regular by the mean MEGNO
(purple colour) clearly superimposes with the LK-resonant region identified in
Fig 4.6. The surrounding chaotic region displayed in yellow extends up to high
mutual inclinations, showing that highly mutually inclined configurations of
HD 11506 system can only be expected in a LK-resonant state. Regarding low
mutual inclinations, nearly all spatial configurations present regular motion up
to a mutual inclination of „ 35˝, where the LK resonance comes into play.
A comparison with n-body simulations (short-period effects included) is
given on the bottom panel of Fig. 4.9, where numerical integrations have been
carried out with SWIFT (for every 1˝ instead of 0.5˝ to reduce the compu-
tational cost). The two panels look very similar, showing that our secular
approach is reliable for systems which are far from a mean-motion resonance.
Similar observations can be made for the 10 extrasolar systems considered
here. In Fig. 4.10, the chaotic region associated to a mean MEGNO value
greater than 8 with our analytical approach, is indicated in white on the plot
showing the libration amplitude of ω1 (Fig. 4.7). Also, more information on
the extent of the chaotic zone for each system can be found in the last column
of Table 4.3. The chaotic region around the stable LK islands is broad for half
of the systems (HD 11506, HD 12661, HD 169830, HD 207832 and HD 4732),
moderate for HD 142, HD 15487 and HD 74156 systems, and not significant
for HD 134987 and HD 164922 systems, given the integration timescale and
the grid of initial conditions considered. For the first category of systems,
long-term regular evolutions of the orbits are only possible for low mutual
inclinations and, for higher mutual inclinations, in the LK region, while in the
two other cases regular evolutions are also observed at high mutual inclinations
outside the LK regions.
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4.4 Conclusions
We studied the possibility for ten RV-detected exoplanetary systems to be in
a 3D configuration. In particular, we determined ranges of orbital and mu-
tual inclinations for which the system is in a LK-resonant state. Our results
were compared with n-body simulations, showing the accuracy of the analytical
approach up to very high inclinations („ 70˝´ 80˝). We showed that all the
systems considered here might be in a LK-resonant state for sufficiently mu-
tually inclined orbit. By means of the MEGNO chaos indicator, we revealed
the extent of the chaotic zone surrounding the stability islands of the LK reso-
nance. Long-term regular evolutions of the orbits are possible i) at low mutual
inclinations and ii) at high mutual inclinations, preferentially in the LK region,
due to the significant extent of the chaotic zone in many systems.
It should be noted that we did not consider systems with close-in planets.
The reason for this choice is that our model considers only gravitational forces
and would not correctly describe the dynamics of planets really close to the
host star, for which other short-range forces should be taken into account. In
Chap. 5 we extend our study by including in our model the perturbation due
to the general relativity, hence considering systems with close-in planets.
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Chapter5
Close-in planetary systems
In this chapter we extend the study described in Chap. 4 to two-planet systems
whose inner planet is close to the host star. For such systems, perturbations
given by the general relativity have to be taken into account when analysing
the long-term stability of the system.
5.1 Motivation
In Chap. 4 we investigated the action of the LK resonance as a protective
mechanism for three-dimensional configurations. Regarding the constraints of
the selected systems, we restricted our choice amongst the systems with orbital
period of the inner planet longer than 45 days.
Nevertheless, we discussed in Chap. 1 how both the transit and RV methods
are strongly biased to detect preferentially planets with short orbital period,
and the study of such systems would reveal to be particularly relevant. Besides
the gravitational interactions, the relativistic effects on the planetary motion
have to be considered for these systems.
The major effect induced by the action of the general relativity (hereafter
GR) on the motion of a planet concerns the precession of the pericenter. In
particular, the GR causes an advance of the pericenter. Given that the LK
resonance acts on the pericenter as well, it is relevant to study how the two
phenomenons compete on the long-term evolution of the systems.
As in our previous work, the aim here is to find constraints for the values of
the orbital inclinations and of the mutual inclination between the orbital planes.
Such a parametric study including the GR has previously been performed by
Veras and Ford (2010), where they explore the spatial dynamics of five two-
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planet systems by means of long-term n-body numerical integrations. The
differences with our work are significant. First of all, contrary to our secular
approach, they needed to consider more orbital parameters (such as the mean
anomaly), while our study restricts the parameter space to study. Secondly,
given the purely numerical nature of the method (Monte Carlo simulations),
their simulations have a higher computational cost and require longer machine
time to be completed.
We should remark that we do not consider in the present work the tidal
effects acting on the systems whose inner planet is extremely close to the star
(a À 0.08 AU typically), for different reasons. The computation of the tidal
effects relies on parameters (such as the radius of the planet and the tidal
Love number) that are currently not known for most of the exoplanets. Let us
note that in order to include these effects various authors in the past have fixed
arbitrary values for the unknown parameters (see for example Migaszewski and
Goździewski (2009) and Veras and Ford (2010)), and found that the tidal effects
are generally negligible with respect to the relativistic corrections. Moreover,
the perturbation due to the dynamical flattening of the star and/or of the
inner planet depends on the orbital inclination of the equatorial plane of the
star (see Migaszewski and Goździewski (2009)). This implies that the Laplace
plane would not be constant reference plane anymore, and it would ask for
a new analytical approach to reduce the number of degrees of freedom. For
these reasons, for the extremely close-in planets considered here the specific
dynamics described by our model does not include the tidal effects.
5.2 Secular Hamiltonian with relativistic cor-
rections
It is common in the secular approximation framework to consider the effects
of the GR on the inner planet only (see, e.g., Naoz (2016)), since we are in-
terested in the LK resonance acting on the argument of the pericenter of the
inner planet. As we focus on the long-term evolution of the system, we add
to the purely gravitational three-body problem described by the Hamiltonian
formulation (4.1.1) the secular perturbation caused by the GR, as given in
Migaszewski and Goździewski (2009) after an averaging over the fast angles,
xHGRy “ ´ 3µ
4
1β
5
1
c2L31G1
(5.2.1)
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where µ1 “m0`m1, β1 “ m0m1m0`m1 , L1 “ β1
?
µ1a1 (and therefore, L1 “ Λ1 in
our coordinates), G1 “ L1
?
1´e2 and c is the speed of light1. This expression
in the modified Delaunay variables is particularly convenient to highlight the
relativistic effects on the dynamics of the system, since the coordinate relative
to the conjugate momenta G1 is the argument of the pericenter of the inner
planet. Therefore, it is possible to derive the precession of the pericenter of the
inner planet explicitly through the Hamiltonian equations:
9ω1 “ 9g1 “ BxHGRyBG1 “
3µ41β51
c2L31G
2
1
“ 3µ
4
1β
5
1
c2L51p1´e21q
“ 3µ
3{2
1
c2a5{2p1´e21q
. (5.2.2)
The Hamiltonian term corresponding to the relativistic correction can be writ-
ten in the heliocentric Poincaré variables (2.2.7):
xHGRy “ ´3µ41β51
„
c2Λ31
´
Λ1´ ξ
2
1 `η21
2
¯´1
, (5.2.3)
and directly added to the former Hamiltonian formulation
HpD2,ξ,ηq “
ORDECC{2ÿ
j“0
Cj,m,nDj2
ORDECC´jÿ
m`n“0
ξmηn`xHGRy . (5.2.4)
5.3 Methodology
We intend to expand the study described in Chap. 4 to systems with close-in
planets. We select systems fulfilling the same criteria listed in Sect. 4.2, except
for the lower bound for the orbital period of the inner planet. Therefore, said
criteria are: (a) the semi-major axis of the outer planet is smaller than 10AU
(systems with significant planet-planet interactions); (b) the system is not close
to a mean-motion resonance; (c) the initial planetary eccentricities are lower
than 0.65; (d) the masses of the planets are smaller than 10MJ ; (e) the orbital
period of the inner planet is shorter than 45 days. The choice of this last limit
comes from the following observation. For the systems considered in Chap. 4
(i.e., with inner orbital period longer than 45 days), the inclusion of the GR
effects does not modify their dynamics. However, it is not always the case
for systems whose inner planet has period shorter than 45 days, as it will be
shown in the following. The orbital parameters of all the two-planet systems
referenced on exoplanet.eu and considered in this chapter, as well as their
references, are listed in Tab. 5.1.
For the parametric study, we follow the approach described in Chap. 4. We
vary both the inclinations of the orbital planes with respect to the line of sight
1It should be noted that the value of the speed of light has to be converted to our units
of measure for space and time. We then consider c» 6.31968914ˆ104 AU/yr.
90 Chapter 5. Close-in planetary systems
i (supposing the two planes inclined by the same angle) and the mutual incli-
nation between the orbital planes imut. The complete set of initial conditions
is derived as detailed in Sec. 4.2.1.
We left unchanged the grid for the mutual inclination imut (from 0˝ to 80˝,
with a step of 0.5˝) and the orbital inclination i (from 5˝ to 90˝, with a step of
5˝). However, for the parameters relative to the numerical integration, it has
to be taken into account that some of the selected systems have planets whose
orbital period is a few days only. The time step has then to be well adapted.
In order to achieve an optimal balance between precision and computational
cost, we set the time step as the minimum between 20 times the orbital period
of the inner planet and 1 year.
5.4 Results
The goal of the present work is to study how the contribution due to the GR af-
fects the extent or the existence of the LK resonance region. Therefore, we com-
pare the results obtained by numerically integrating the purely gravitational
secular Hamiltonian (4.1.1) and the one including the relativistic correction on
the argument of the pericenter of the inner planet described by Eq. (5.2.4).
Firstly, we study the convergence of the Hamiltonian (4.1.1) (without the
relativistic effects) for the selected systems. In Tab. 5.2 we show the conver-
gence au sens des astronomes computed for i “ imut “ 50˝, as described in
detail in Sect. 4.2.2. The numerical convergence of the expansion at high mu-
tual inclinations is obvious for most of the systems. In the cases for which
the decrease of the expansion is less marked, however, the results obtained for
higher values of the mutual inclination should be treated cautiously.
5.4.1 Influence on the extent of the LK region
Let us discuss in detail the evolution of two typical systems we choose as exam-
ples. In Fig. 5.1 we show the results obtained for the system HD 147018, whose
orbital parameters are listed in Tab. 5.1. The top panels show the evolutions of
the system for i“ 50˝ and imut “ 30˝ without and with relativistic corrections
(left and right panels, respectively). Similarly, the bottom panels refer to the
evolutions when i “ 50˝ and imut “ 50˝ without and with relativistic correc-
tions (left and right panels, respectively). For imut “ 30˝, the argument of the
pericenter of the inner planet ω1 circulates, hence showing that the system is
not in a LK resonance. On the contrary, when imut “ 50˝ we observe the libra-
tion of the angle ω1, as the system is in a LK resonance. When the relativistic
corrections are considered (right panels), we do not observe any significant
difference, neither concerning the LK resonance nor the general behaviour.
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j
in
eccentricitiesand
inclinations(see
definition
in
Eq.(4.2.3)).
T
he
values
are
com
puted
for
the
initialconditionpim
u
t ,iq“
p50 ˝,50 ˝q.
System
H
2
H
4
H
6
H
8
H
10
H
12
H
12 {H
2
G
J
433
3.03e-11
7.90e-12
1.94e-13
3.119e-15
4.89e-17
1.04e-18
Op10 ´
8q
G
J
649
1.40e-08
1.60e-08
3.80e-09
5.21e-10
2.16e-11
3.17e-11
Op10 ´
3q
G
J
682
8.39e-08
4.88e-08
1.13e-08
1.33e-09
7.58e-11
1.70e-12
Op10 ´
5q
G
J
832
6.94e-10
2.23e-09
1.57e-10
1.20e-11
6.59e-13
1.44e-13
Op10 ´
4q
H
D
117618
1.49e-07
2.17e-07
1.25e-07
2.16e-07
1.14e-07
2.75e-08
Op10 ´
1q
H
D
11964
1.26e-08
1.65e-09
1.12e-10
7.93e-12
2.51e-13
7.04e-14
Op10 ´
6q
H
D
147018
5.34e-05
1.78e-05
3.32e-06
2.53e-06
8.31e-07
2.47e-07
Op10 ´
3q
H
D
159243
9.03e-07
1.96e-08
2.05e-10
2.53e-12
5.23e-15
8.12e-16
Op10 ´
10q
H
D
187123
2.53e-08
2.17e-08
2.93e-09
2.51e-10
1.73e-11
1.92e-12
Op10 ´
4q
H
D
190360
2.92e-06
2.24e-06
1.37e-06
1.52e-06
9.16e-07
2.69e-07
Op10 ´
2q
H
D
217107
6.75e-07
1.71e-07
1.72e-07
8.67e-08
9.00e-09
2.44e-08
Op10 ´
2q
H
D
47186
3.81e-09
4.19e-08
5.46e-10
4.90e-11
3.35e-12
9.16e-13
Op10 ´
4q
H
D
9446
1.49e-05
3.82e-07
9.48e-09
2.14e-09
1.29e-10
5.24e-12
Op10 ´
7q
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Figure
5.1
–
D
ynam
ical
evolution
of
the
H
D
147018
system
.
In
the
left
panels,
the
evolution
is
given
by
the
secular
H
am
iltonian
(4.1.1)
and
in
the
right
panels,by
the
H
am
iltonian
(5.2.4)
including
relativistic
corrections.
T
he
inclination
of
the
orbitalplane
is
fixed
to
i“
50 ˝,the
m
utualinclination
between
the
planets
to
im
u
t “
30 ˝
(top
panels)
and
50 ˝
(bottom
panels).
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HD147018: Max e1
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HD147018: libration amplitude ω1
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HD147018 with GR: libration amplitude ω1
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Figure 5.2 – Long-term evolution of the HD 147018 system when varying the
mutual inclination imut (x-axis) and the inclination of the orbital plane i (y-
axis), both expressed in degrees. Top panels: the maximal eccentricity of
the inner planet, as defined by Eq. (4.3.1), without (left) and with (right)
relativistic corrections. Bottom panels: the libration amplitude of the argument
of the pericenter ω1 (in degrees), as defined by Eq. (4.3.2), without (left) and
with (right) relativistic corrections.
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Figure 5.3 – Evolution of the ratio of the linear frequencies
?
c11d11 and?
c22d22 as defined by Eq. (4.3.7), relative to the central equilibrium point
of the system HD 147018, having fixed i “ 50˝. On the top panel, the results
obtained when taking into account only gravitational forces. On the bottom
panel, those obtained when including relativistic corrections.
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In Fig. 5.2 we show, for the whole parameter space, the maximal eccentric-
ity of the inner planet (top panels) and the libration amplitude of the angle
ω1 (bottom panels), as defined by Eq. (4.3.1) and Eq. (4.3.2), respectively. On
the left, we show the results obtained by integrating the Hamiltonian equations
given by the purely gravitational formulation (4.1.1). We remark the presence
of a LK resonance region, appearing from imut » 40˝. On the right, we present
the plots referring to the system when considering relativistic corrections, as
described by Eq. (5.2.4). It is straightforward to note that there is no signif-
icant difference between the two cases, in particular the LK resonance region
is unperturbed by the additional effect. The negligible effect of the GR can
be also observed when studying the linear stability of the central equilibrium
point, as previously shown in Sec. 4.3.1. In Fig. 5.3 we show the evolution
of the ratio of the linear frequencies
a
c22d22{c11d11, relative to the central
equilibrium point having fixed i“ 50˝. In the top panel we display the results
when taking into account only gravitational forces, in the bottom panel when
including the relativistic corrections. It shows that the critical value of the
mutual inclination is not affected by the introduction of the relativistic effects.
Let us now focus on the system GJ 649, whose orbital parameters are listed
in Tab. 5.1. In Fig. 5.4 we show the evolution of the system for the same two
initial conditions. The top panels refer to i“ 50˝ and imut “ 30˝, whereas the
bottom ones are relative to i“ 50˝ and imut “ 50˝. Again, on the left panels,
we show the results obtained considering only gravitational interactions, and
on the right panels, those related to the model including the relativistic correc-
tions. Unlike the previous case, the differences between the left and right plots
are noticeable. For imut “ 30˝, we observe a drastic change in the secular pe-
riod of the evolution: for example, the secular period of the eccentricity of the
inner planet decreases from » 1.1ˆ105 yr down to » 1.5ˆ104 yr. Moreover,
it can be observed that the eccentricity of the inner planet undergoes smaller
variations (see also , e.g., Migaszewski and Goździewski (2009) and Sansottera
et al. (2014)). This is due to the dumping of the eccentricity excitation that
characterises the GR contribution (see, e.g., Naoz (2016)). For imut“ 50˝ (bot-
tom panels), we remark an additional consequence: where we could observe the
libration of the angle ω1 (bottom left), when considering relativistic corrections
we find that the angle now circulates (bottom right). The introduction of the
GR has therefore inhibited the LK resonance.
The effects of the GR are even more obvious when we consider the plots for
all the parameter space. In Fig. 5.5 we represent the analogue of Fig. 5.2 for the
system GJ 649. On the top panels, we can appreciate a stabilising effect: the
maximal eccentricity of the inner planet is much closer to the initial value (e1 “
0.2), as the excitation is dumped by the GR. The LK resonance region does not
exist anymore: all the initial conditions show the circulation of the angle ω1.
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GJ649: Max e1
 0  10  20  30  40  50  60  70  80
imut (deg)
 0
 15
 30
 45
 60
 75
 90
i  (
d e
g )
 0
 0.2
 0.4
 0.6
 0.8
 1
GJ649 with GR: Max e1
 0  10  20  30  40  50  60  70  80
imut (deg)
 0
 15
 30
 45
 60
 75
 90
i  (
d e
g )
 0
 0.2
 0.4
 0.6
 0.8
 1
GJ649: libration amplitude ω1
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GJ649 with GR: libration amplitude ω1
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Figure 5.5 – Same as Fig. 5.2 for the system GJ 649.
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Figure 5.6 – Same as Fig. 5.3 for the system GJ 649, having fixed i“ 50˝.
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This can also be observed when studying the linear stability of the central
equilibrium point. In Fig. 5.6 we show the evolution of the ratio of the linear
frequencies
a
c22d22{c11d11, associated to i“ 50˝, without considering the GR
effects (top panel) and including the relativistic corrections (bottom panel).
In the last case, we observe no change of the linear stability of the central
equilibrium around imut “ 40˝, but the destabilisation, if any, would take place
at very high mutual inclination. This explains that no LK resonance region is
observed in the bottom right panel of Fig. 5.5.
In Fig. 5.7 and Fig. 5.8 we show the maximal eccentricity and the libration
amplitude of the argument of the pericenter of the inner planet (respectively)
for all the 13 systems considered, in the purely gravitational case. In Fig. 5.9
and Fig. 5.10 we report the corresponding results when taking into account
the relativistic correction. We observe that almost all the systems experience
a dumping of the excitation of the eccentricity, similarly to the system GJ 649.
This is in line with the results obtained by Veras and Ford (2010), where they
show that the inclusion of the GR in the simulations flattened the evolution
of the eccentricities. Our results show that to this flattening corresponds the
disappearance of the LK resonance region. As it can be observed from Fig. 5.10,
the LK region remains in place for only 4 systems when the relativistic effects
are considered.
It should be noted that some of the systems (namely, GJ 433, HD 187123,
HD 217107 and HD 147186) present, in the purely gravitational case, extremely
long secular periods. In particular, for a large subset of the initial conditions, a
closer examination of the evolution of the system shows that the angle ω1 has
not achieved a complete circulation in the total integration time (106 yr). In
these cases, simulations for an extended integration time are currently running.
5.4.2 Importance of the GR effects
As highlighted in the previous section, the relevance of the GR in the dynam-
ics of the selected systems varies from case to case. We are then interested in
evaluating the contributions of the different effects acting on their dynamical
evolution, in particular on the pericenter of the inner planet (see also, e.g.,
Migaszewski and Goździewski (2009) and Sansottera et al. (2014)). To inves-
tigate the importance of the GR effects on the secular motion (LK resonance
included), we compute the ratios of the precession rates 9ωsec9ωGR and
9ωLK
9ωGR
, follow-
ing Veras and Ford (2010). We recall the expression of the pericenter precession
due to the GR derived by Eq. (5.2.1)
9ωGR “ 3µ
3{2
1
a
5{2
1 c
2p1´e21q
. (5.4.1)
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The precession caused by the secular interaction with the outer planet can
be derived from the Laplace-Lagrange secular theory (approximation to the
second order in the eccentricities), as (Zhou and Sun (2003))
9ωsec »
gfffepy1´y2q2`4y1y2˜bp2q3{2pαq
b
p1q
3{2pαq
¸
, (5.4.2)
where
y1 “ 14
m2a
´3{2
1?
m0`m1α
2bp1q3{2pαq ,
y2 “ 14
m1a
´3{2
2?
m0`m2αb
p1q
3{2pαq ,
(5.4.3)
being bpjq3{2pαq Laplace coefficients and α the semi-major axis ratio a1{a2. The
ratio between these two precession rates,
χsec “ 9ωsec9ωGR , (5.4.4)
gives an estimation of the importance of the GR in the long-term evolution of
the system. The smaller the value of χsec, the more relevant the effect of the
GR.
In Tab. 5.3 we list the values of χsec for the systems considered. The results
shown in Fig. 5.8 and Fig. 5.10 are perfectly coherent with the values of χsec.
All the systems for which χsec ! 1 are evidently affected by the introduction
of the relativistic correction, namely GJ 433, GJ 649, HD 187123, HD 190360,
HD 217107 and HD 47186. The importance of the GR corrections for the
GJ 649 system was previously shown in Fig. 5.4. For all the other cases, the
influence of the relativistic effects are more moderate. No variation in the long-
term evolution are reported when χsec " 1, as previously shown in Fig. 5.1 for
the HD 147018 system.
Regarding the highly mutually inclined systems, we can also estimate the
relevance of the relativistic effect on the LK resonance. The period of the LK
oscillations is given by (Kiseleva et al. (1998))
PLK “ 2P
2
2
3piP1
m0`m1`m2
m2
p1´e21q3{2 . (5.4.5)
Consequently, the ratio of the two precession rates writes
χLK “ 9ωLK9ωGR “
2pi
PLK 9ωGR
. (5.4.6)
The smaller the value of the χLK , the more relevant the effects of the GR on the
long-term evolution. In Tab. 5.3 are reported the values of χLK for the different
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Table 5.3 – Parameters χsec and χLK for the selected systems.
System i χsec χLK
GJ 433 90 4.25e–04 2.75e–02
GJ 649 90 6.33e–03 4.14e–01
70 6.74e–03 4.41e–01
50 8.27e–03 5.41e–01
30 1.27e–03 8.28e–01
10 3.64e–02 2.38e+00
GJ 682 90 2.02e+01 3.89e+02
GJ 832 90 1.30e–01 7.75e+00
HD 117618 90 5.95e–01 2.88e+01
HD 11964 90 9.77e–02 5.90e+00
HD 147018 90 6.70e+00 4.22e+02
70 7.12e+00 4.49e+02
50 8.73e+00 5.49e+02
30 1.33e+01 8.34e+02
10 3.78e+01 2.30e+03
HD 159243 90 1.05e+00 6.47e+01
HD 187123 90 1.25e–04 8.39e–03
HD 190360 90 1.55e–02 1.09e+00
HD 217107 90 1.23e–03 1.28e–01
HD 47186 90 4.04e–04 2.73e–02
HD 9446 90 2.93e+01 1.22e+03
systems. The systems for which the LK region is maintained in Fig. 5.10,
namely GJ 682, HD 11964, HD 147018 and HD 9446, correspond well to the
high values of χLK .
It should be noted that both χsec and χLK depend on the masses of the
three bodies. Therefore, they should be computed for each value of the orbital
plane inclination i, as its variation determines a change in the masses of the
planets as well. In Tab. 5.3 we have listed the precession ratios corresponding
to different i values, for the GJ 649 system which is highly influenced by the
GR and HD 147018 which is not significantly affected by the GR. We see that
the change on the precession ratios in minor. For the systems here considered,
we observe that the balance between the effects is independent of the value of
the inclination of the orbital plane i.
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5.5 Conclusions
We studied the possibility for 13 RV-detected exoplanetary systems with close-
in planets to be in a 3D configuration. Given the proximity of the planets
to the host star, we considered the relativistic corrections for the innermost
planet. We determined the influence of this effect on the purely gravitational
evolution. We found that most of the considered systems do show LK resonance
regions when we only take into account the gravitational interactions between
the bodies, in line with our previous results (see Sect. 4.3). However, in the
majority of the cases the LK resonance region disappears as we introduce the
relativistic corrections. This was expected, as the LK resonance and the general
relativity both influence the evolution of the argument of the pericenter of the
inner planet. The behaviour predicted by the approximations for the pericenter
precession ratios match with the dynamical evolutions given by our secular
Hamiltonian approach, highlighting their validity.
The work carried on so far is open to many future developments. Firstly,
it would be appropriate to achieve a study of the stability of the systems, as
done in Chap. 4 by means of the MEGNO chaos indicator. It would provide
a more complete panoramic view of the stability of the systems, since it was
previously shown that the initial conditions for which the LK resonance appears
are not the only ones that guarantee the long-term stability (as discussed in
Sect. 4.3.3). Secondly, we have already mentioned that tidal effects were not
considered here. Taking into account this additional effect would provide a
more precise description of the dynamics of the systems. However, as it was
previously noted (see Sect. 5.1), its implementation is not straightforward, and
would require a far more general approach that is beyond the scope of this
work.
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Conclusions and perspectives
In the thesis we studied the stability of non-coplanar exoplanetary systems.
We focused on two-planet systems far from mean-motion resonances, therefore
dealing with the non resonant three-body problem. Our aim was to provide
constraints on the observational data coming from radial velocity detections,
which lack information on the inclinations of the system. The incompleteness
of the data implies a scarce knowledge of the exact value of the masses of the
planets and of the potential three-dimensional architecture of the exoplanetary
systems. Our goal was to determine boundaries for the unknown parameters
that ensure the long-term stability of non-coplanar configurations of the ob-
served systems.
Our work consists in two main parts, each one considering a different def-
inition of the stability for a planetary system. In the first part, we exploited
the nearly-integrable nature of the problem at hand, granted by the small ratio
between the mass of the host star and the masses of the planets. Thus, we
could apply the theoretical and computational tools that belong to the pertur-
bation theory. We considered the minimal value of the masses of the planets
provided by the observations and performed a parametric study on the mutual
inclination between the orbital planes. We studied the stability of the system
in the KAM sense, applying a reverse KAM approach. Broadly speaking, the
KAM theory states that if the size of the perturbation of an integrable problem
is small enough, it is possible to apply a convergent algorithm. This algorithm
determines a new set of variables such that the evolution of the system ex-
pressed in these variables lies on an invariant tori. We reverted the procedure:
we applied the constructing algorithm and used its convergence (or lack of con-
vergence) to classify the initial conditions compatible with the KAM stability.
We provided a synthetic coverage of the initial conditions by implementing
an automatic procedure using interval arithmetic. The procedure spanned the
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whole range of initial conditions excluding non-acceptable values by creating
a tree-like subdivision in smaller intervals. Following this first approach, we
studied three exoplanetary systems and proved their stability for configurations
with mutual inclination up to „ 18˝ (with the exact maximal value depend-
ing on the specific system). The downside of this strategy is that it is highly
demanding in terms of computational cost and in terms or requirements that
the initial conditions have to satisfy. Nevertheless, it is the first application to
extrasolar planetary systems of an explicit algorithm constructing KAM tori
and improvements can be achieved.
In the second part of this thesis, we focused on the concept of stability in
the sense of proximity to the secular equilibria of the three-body-problem, as
well as regularity of the orbits. We performed a parametric study not only
on the mutual inclination between the orbital planes, but also on the inclina-
tion of these planes with respect to the line of sight. This implies varying the
masses of the planets as well. In the framework of three-dimensional planetary
systems, particular relevance is attributed to the Lidov-Kozai resonance. It is
a protection mechanism appearing for highly-mutually inclined systems (with
mutual inclination usually above 40˝) that ensures the long-term stability of
the system. When choosing the invariant Laplace plane as a reference plane,
the action of the Lidov-Kozai resonance is indicated by the libration of the ar-
gument of the pericenter of the inner planet, easily detectable in the long-term
numerical simulations. We found that all the selected systems presented, in
the parameter space of the initial conditions, regions at high mutual inclina-
tions displaying the action of the Lidov-Kozai resonance. Consequently, all the
systems could be in a clear three-dimensional configuration and be stable in
the long-term. We pursued this parametric study with a chaos indicator that
classifies the initial conditions based on the regularity of the orbit. We found
that three-dimensional configurations are stable in two cases: for low values of
the mutual inclination or for high values inside of the Lidov-Kozai resonance.
Otherwise, 3D configurations of the planetary system are chaotic. Indeed, a
rapid destabilisation of highly mutually inclined orbits is commonly observed,
due to the significant chaos that develops around the stability islands of the
Lidov-Kozai resonance.
In the last chapter, we expanded this approach relying on the Lidov-Kozai
resonance to systems with close-in planets. Thus, we had to take into account
the additional perturbation due to the general relativity, causing and advance
of the inner pericenter. Our aim was to study how the inclusion of this addi-
tional effect would have impact on the existence and extent of the Lidov-Kozai
resonance region in the parameter space. For the majority of the systems,
we did observe the disappearance of the Lidov-Kozai region, combined with a
dumping of the eccentricity variations for the inner planet.
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In conclusion, the present work highlights, by means of two different ap-
proaches, the possibility for an exoplanetary system to be in a long-term stable
three-dimensional configuration. Both the strategies described here are open
to further developments. Concerning the reverse KAM approach, we imposed
strict requirements to the initial conditions of the systems, in particular on the
initial eccentricity values. A perspective would be to weaken such demands in
order to determine a wider application field. For the Lidov-Kozai approach, a
natural extension, for the close-in planet systems, would be to include in the
model the tidal effects that have been neglected. Another development could
be the adoption of different orbital inclinations for each planet (also meaning
different scaling factors of the masses of planets). This would increase the size
of the parameter space and ask for a careful managing of the initial conditions.
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